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Grassia (1977) !Mazucheli, Menezes, Fernandes, de Oliveira and Ghi-

tany (2020) "#$%&%'()*+,-!'(Weibull,-./012

(!34567589:;<=.>?@AB$%C5,-:DEFGH!

I1JK@A'(LMN)*+,-./01"#$5OPQ./01#R

ST2020UV2(!34567589:;<=.>?@ABWX"#RS

T2020U.Y01Z[!I1\]%10^LM5GH./01#'(LMN

)*+,-52(!34567589:;<=._`I#$5ab!I1

cC%Ade:f[!I1gh@ATf[ 1ijUBk%.lm#$5DE

FGHnoAOPQp'()*+,-#'(Weibull,-52(!345

67589./01qL=Frs.tu0^deV>?]%AB

WX"#vw.Y01#x5ly.z{]%AB|}#~ 2�.Y01#

LMN)*+,-�C'(LMN)*+,-:z{@ABx.#~ 3�.

Y01#'(LMN)*+,-5LM5GH./01#$52(!345

67589:;<=._`I#$5ab!I1cC%Ade:f[ 1!I

1>?@ABv�5_`5��ncC%A348(5���./01"�

1�� A.>?I#348(5���./01"�1�� B.>?@AB

FY#��.Y01>?]%A�./01"�1Maple:�015��n

om#W��.Y01>?]%A�./01"�1 R:�015��no

AB��.#~ 4�na�:��AB

2 !"#$%&'()*

��5�5�( α > 0.'I1#�,
∫∞
0

xα−1e−xdx"��@AT��

�# ¡ 1962#p.1p¢£ 1980#pp.295–296ijUBk5¤�.¥�@A

!#k5�,"#α58(!e¦]%c1#)*+8(!§�%A¨

Γ(α) :=

∫ ∞

0

xα−1e−xdx, α > 0. (1)

kkn#©ª :="$5«¬:$5¬.l®1¯°@Ak!:�±@AB

��5�5�( x ∈ (0,∞).'I1 xα−1e−x > 0noA5n#�,5²³
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!"#$%&'()*+!,-./0123450678$9:;,;<

) α > 0!=>? Γ(α) > 0@A06

B?$%&'4C2*$%&'().,DEF)2>?GH().IJ

>KLM4C@A06NO#$P; (2)Q!RS?TUVW (0,∞)X!F

YBZ0GH() g∗.[NLM4C*%&'4C\]!$^;_`a25
_`%&'4Cb2cdZ$α*efg)2cdZ0\α > 0bh

g∗(u|α) := 1

Γ(α)
uα−1e−u, u > 0. (2)

<i$α > 02 Γ(α) > 0!j:k02$9:;,;<) u ∈ (0,∞)!=>

? uα−1e−u > 0@A0;@ g∗(u|α) > 0.l06OK$%&'();FY

!j:k02$
∫∞
0

g∗(u|α)du = 1.l06"m?$() g∗ *$no-p
2,DEqr.sKk;@$L5!GH()@A06

2.1 !"#$%&'()*+,-./'(0

tuE%&'4C2*$%&'4C!vwLMx)\%&'LMx)b

;yxz;4C@A0678$(2)Q@FYBZ0GH() g∗ 2LMx)
U ∼ g∗ !=>?$,;<) β !"0 U ;yxz. V := Uβ , β > 02{

|kZd$LMx) V ;4C.tuE%&'4C2Sw611@$V * U

2}~�TUVW (0,∞)!-./0LMx)@A012!j:k06

B?$V ;4C(). G0 2{|k02$^;FY!"#$0 < v < ∞
�0 v!=>?$P;��.l0h

G0(v|α, β) := P (V ≤ v) = P
(
U ≤ v

1
β

)
= G∗

(
v

1
β

∣∣α) .

�>$P (V ≤ v)*LMx) V ;<�-3<) v��!�02Sw��;

LM.{>$G∗* U ;4C().{k6"m?$V ;GH() g0*$^

;4C() G0 ;�()2>?l�Z0;@$

G∗
(
v

1
β

∣∣α) =
∫ v

1
β

0

g∗(u|α)du
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!"#$%&'()&*+,-.%/

g0(v|α, β) = d

dv
G0(v|α, β) = 1

β
g∗

(
v

1
β

∣∣α) v
1
β−1.

01+'0 < v < ∞ 2% v !3*+'V 45678 g0 9()&2%

:0 < α, β <∞;/

g0(v|α, β) = 1

βΓ(α)
v

α
β −1e−v

1
β
. (3)

<<='>8? γ := 1/β &@A+BC*D$&'V := Uβ = U1/γ 456

78 g0 4EBFG,-.%:0 < α, γ <∞;/

g0(v|α, γ) = γ

Γ(α)
vγα−1e−vγ

, 0 < v <∞. (4)

(3))H*I9 (4))=JKL.M5678 g0 ?NOPQRS?TUV

WXYRS:Z!'[4\]^&_\]TUVWXYRS;&``'α&

β:aM9 γ;?bc>8&`defg!h`+9'Z!i-2`jk'l

m!01+'\]TUVWXYRS45678 g0&*+9 (4))4BF?

m`%e

no4pq'\]TUVWXYRS4r6RSs?t!TUVWXYR

S&uvewx'(4))=JKL.%5678 g0 & V ∼ g0, σ > 0!3*

+'V 4r6yzW := σV 4RS9t!TUVWXYRS&u{.'σ9

r6>8&u{.%er6>8 σ 4|}~!�k'W := σV 9'V &�

�I'�j�� (0,∞)!}?�%PQy8=�%e[4RS78?G&B

C$%&'[4JK!�k'w > 02% w!3*+'

G(w|α, γ, σ) := P (W ≤ w) = P
(
V ≤ w

σ

)
=

∫ w
σ

0

g0(v|α, γ)dv

=�k'[45678 g9 G4�78&*+��L.%/

g(w|α, γ, σ) = d

dw
G(w|α, γ, σ) = 1

σ
g0

(w
σ

∣∣∣ α, γ
)
.
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!"#$w > 0%& w '()#$W *+,-. g /012)#345&

60 < α, γ, σ <∞78

g(w|α, γ, σ) = γ

σΓ(α)

(w
σ

)γα−1

e−(
w
σ )

γ

. (5)

99:$;,<. σ =>?# η := (1/σ)γ 2@A)BC2$W := σV =

(1/η)1/γV *+,-. g*D@EF345&60 < α, γ, η <∞78

g(w|α, γ, η) = γηα

Γ(α)
wγα−1e−ηwγ

. (6)

(5)1G (6)1:HIJ5K+,-. g=LMNOPQ/$RSTUVW

XYPQ*;,PQZ2)#[\J5KPQ:]^$_`*ab$c'T

UVWXYPQ2de5&fgh'ij#/$k'l4%jm^$TUV

WXYPQ*+,-. g2)# (6)1*@E=nj&92'C&f

J#$TUVWXYPQ*+,-. (6) 1/$σ = 1 ⇐⇒ η = 1 *

ab$RSTUVWXYPQ*+,-. (4)1'opC&8g(w|α, γ, 1) =
g0(w|α, γ), w > 0. qK$(6)1/$γ = 1*ab$WXYPQ*+,-.

g(w|α, 1, η) = ηα

Γ(α)
wα−1e−ηw, 0 < w <∞

'opC&f95/$(2)1:HIJ5&+,-. g∗ =LMRSWXYP
Q*;,PQZ*+,-.'r%4%jfs)#$Γ(1) = 1'tuC&2$

α = 1*ab$(6)1/WeibullPQ*+,-.'opC&92FPv&8

g(w|1, γ, η) = γηwγ−1e−ηwγ

, 0 < w <∞.

w'$α = γ = 1*ab$(6)1/x.PQ*+,-.'opC&8

g(w|1, 1, η) = ηe−ηw, 0 < w <∞.

gy'z^$TUVWXYPQ* 2M*{|<. α2 γ 'Mj#$α/

WXYPQ*{|<.$γ /WeibullPQ*{|<.'(}C&92FP

v&f
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2.2 !"#$%&'()*

!"#$%(6)&#'()*+,-./0123456789:;,-.

/01789:<4=>?@AB:9CDEFGH4IJ?%,K23D

LMH>?=:/0123N=:Weibull23DOPQRSH>?TUF

+IV,-WQ7823XDYZF+[\]%(6)&#'()*+,-./

0123A^_`: gHW ∼ g4=>?%aA@AB:9C Z := e−W A

7823DbcF+[GG#%Z $defg (0, 1)4hDi+789:#

j+GH4klF+[)?%Z A23`:D F HmnF+H%F $%aA

'(4IV%defg (0, 1)oAplAq: z4=>?r&Hst*+u

F (z|α, γ, η) := P (Z ≤ z) = P (W ≥ − log z) = 1−G(− log z|α, γ, η).

v>%G$,-./01789:W A23`:#j+[IJ?%W A^

_`:w g#j+GH4klF*x%

G (− log z|α, γ, η) =
∫ − log z

0

g(w|α, γ, η)dw

4IV%Z A^_`: f $aA23`: F Ab`:H>?st*+u

f(z|α, γ, η) = d

dz
F (z|α, γ, η) = 1

z
g(− log z|α, γ, η).

5J?%plA z ∈ (0, 1)4=>?%Z A^_`: f $r&H>?yzt

*+;0 < α, γ, η <∞<u

f(z|α, γ, η) = γηα

Γ(α)z

(
log

1

z

)γα−1

exp

{
−η

(
log

1

z

)γ}
. (7)

(7)&#'()*+^_`: f D{|7823$%,-./01789:

AB:9C4IJ?}Z)*+23#jV%=:~�23A�45J��

���D��F*x%=:,-./0123H�x*+GH4Q+[

=:,-./0123A^_`: (7)&$%γ = 1ARS%/01789:

AB:9C4IJ?}Z)*+23;=:/0123��$de/0123<
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!"#$%&'()*+Consul and Jain 1971, Grassia 1977, Johnson,

Kotz and Balakrishann 1994, pp.383–384, Crooks 2019, p.67-./0

f(z|α, 1, η) = ηα

Γ(α)
zη−1

(
log

1

z

)α−1

, z ∈ (0, 1). (8)

123(7) 453α = 1 !6738% Weibull 9:+;< Weibull 9:/

!"#$%&'()*+Mazucheli, Menezes, Fernandes, de Oliveira and

Ghitany 2020-./0

f(z|1, γ, η) = γη

z

(
log

1

z

)γ−1

exp

{
−η

(
log

1

z

)γ}
, z ∈ (0, 1). (9)

=>3?@A5B=C3DEFGHI%,WeibullGHI%!8%IJK

8%DEF9:,8%Weibull9:ALMNOP*QA&5RSKT)*

+NUV3Johnson, Kotz and Balakrishnan 1995, p.3, Balakrishnan and

Nevzorov 2003, p.1843Leemis and McQueston 20083Rinne 2009, pp.131–

133-./WXY&38%Z[\DEF9:!"#$% (7)453η = 1!

673]^8%Z[\DEF9:!"#$%&'()*+_` 2020-./0

f(z|α, γ, 1) = γ

Γ(α)z

(
log

1

z

)γα−1

e−(log
1
z )

γ

, z ∈ (0, 1). (10)

a?&bC38%Z[\DEF9:+(7) 4/5]^Z[\DEF9:

+(10)4/KcdAef8%DEF9:+(8)4/,8%Weibull9:+(9)

4/Kgh=67Aefij)*QAOkle2W

3 !"#$%&'()*+,-

(7)4mnopq*8%Z[\DEF9:!"#$% f 53(6)4mno

pq*Z[\DEF9:!"#$% g AGHI%W ∼ g &8ef3r!

s!t%IJ Z := e−W !"#$%Aefuvpq2+0 < α, γ, η <∞/W
QQm3W A Z!9:!w5rqxqyz{| (0,∞)A;<{| (0, 1)m

7

��������	
����������

�����

�������



!"#$%&'(")*+,-.%+/01,2345*6789:;%

<=(">w ∈ (0,∞), z ∈ (0, 1)?@

g(w) := g(w|α, γ, η), f(z) := f(z|α, γ, η).

A0,B'3 z ∈ (0, 1)%CD0,

f(z) =
1

z
g(− log z)

E!"#$%&'("$,F3GH9 z EIJ("#$%4K,23LM

NOPQR"@

f ′(z) = − 1

z2
{g(− log z) + g′(− log z)} .

##E,B'3 w ∈ (0,∞)%CD0

g′(w) = {(γα− 1)− γηwγ} γηα

Γ(α)
wγα−2e−ηwγ

E!"3E,2N3STOPQR"#$%&'("@

g′(w) =
(γα− 1)− γηwγ

w
g(w).

4U0,

g(w) + g′(w) =
(γα− 1) + w − γηwγ

w
g(w)

E!"3E,23ST9P"@

f ′(z) =
g(− log z)
z2 log z

{(γα− 1)− log z − γη(− log z)γ} , z ∈ (0, 1).

##E,B'3 z ∈ (0, 1)%CD0,z2 > 0$ log z < 0, g(− log z) > 0

E!"#$%&'("$,23VWLM9P">z ∈ (0, 1)?@

f ′(z) ≶ 0 ⇐⇒ (γα− 1) +

{
log

1

z
− γη

(
log

1

z

)γ}
≷ 0

⇐⇒ log
1

z
− γη

(
log

1

z

)γ

≷ 1− γα.
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!"#$%&'()*+,-'./ z "0123456 w := − log z ∈
(0,∞)789:/7+;"8<6=/>

f ′(z) ≶ 0 ⇐⇒ D(w) ≷ 1− γα (11)

?@+D(w) := w − γηwγ , w = − log z, z ∈ (0, 1).
AB'C)*D+(11)EF8GH/#$%&'IJ)*+γ = 1"KL

MN 3.2OP7 γ > 1"KLMN 3.3OP+γ < 1"KLMN 3.4OP" 3

("KL'QR@STF+(7)EFUVGH/,-WXYZ[\]^"_`

%- f '()*+a"bc7d-"%&'()*"ef6gh/ia@*+

!Hj"ef6gh/k"lm7@*+noD+#$%& (11)E'<H/

%-D(w), w ∈ (0,∞)"pq'()*rs6tu/MN 3.1OPivw'+

AT"ef'.x*=jHSyz6{|7@*}~@STFMN 3.5OP+

a"���KL'()*rs:/MN 3.6OPi

3.1 !"#$%&'(

�OFD+,-WXYZ[\]^"_`%- (7)E"�%-"��"p

q6Uh/#$%& (11)E'<H/%-D(w) = w − γηwγ '()*+a

"��"pq6Uh/��6 w ≥ 0"��F�j�':/i?@+γ 7 η

D)oH��$F�/!7'��:/i

no+γ = 1"KL+D(w) = w − ηw = (1− η)w70�YGH/"F+

η ≶ 1 ⇐⇒ D(w) ≷ 0, ∀w > 0F��+�(+D(0P= 0, ∀η > 0F�/

!7�]�/i

;'+γ �= 1"KL'()*rs:/ia"k+%-D(w)"��6w ≥ 0

"��F��:/iγ �= 1"KL+;"#$4b6=/>

D(w) = 0 ⇐⇒ (1− γηwγ−1)w = 0

⇐⇒ w = 0 �SD 1− γηwγ−1 = 0.

!!F+

1− γηwγ−1 = 0 ⇐⇒ w = (γη)
1

1−γ

9
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!"#$%&'γ �= 1()*'+#( w ≥ 0!,-./(012345%6

D(w) := w − γηwγ = 0 ⇐⇒ w = 0 789 w = (γη)
1

1−γ . (12)

:;!<=.'2> D(w)(?@AB7=8CDE'FG(HI!<=

.'+#( γ > 0!,-.'w = 0AJ! D(w)(?@KL%M'N!'

γ = 1()*!9OP(?@KL%M'Q-.'γ �= 1()*!9 2RS

(?@ (γη)1/(1−γ)ATU$%MAVWX!Y=8Cγ �= 1()*!Z[%

D(w)( 2RS(?@ (γη)1/(1−γ)9'+#( γ, η > 0!,-.\γ �= 1]^

14_`'Fa!Zb.9cd! w0 &efg;%\h 1\ih]jk]6

w0 := (γη)
1

1−γ > 0. (13)

g.'γ �= 1()*!Z[%D(w)( 2RS(?@ w0!Rb.9'Fa

(<l!'Q(1!Rb.Gm789am4Bn%:&AKo%CpP!'

γ < 1()*'1/(1 − γ) > 1!<`'γη < 1 ⇐⇒ η < 1/γ > 1YWq'

w0 < γη < 1KL`'γη = 1 ⇐⇒ η = 1/γ > 1YWq'w0 = γη = 1K

L`'γη > 1 ⇐⇒ η > 1/γ > 1YWq'w0 > γη > 1KL%Cpr!'

γ > 1()*'1/(1 − γ) < 0!<`'γη < 1 ⇐⇒ η < 1/γ < 1YWq'

w0 > 1 > γηKL`'γη = 1 ⇐⇒ η = 1/γ < 1YWq'w0 = 1 = γηK

L`'γη > 1 ⇐⇒ η > 1/γ < 1YWq'w0 < 1 < γηKL%CFG!<=

.'γ �= 1()*'w0 !Rb./(23s45%\h 1\ih]jk]6

w0 = 1 if 1− γη = 0,

w0 < min{1, γη} if (1− γ)(1− γη) > 0,

max{1, γη} < w0 if (1− γ)(1− γη) < 0.

78'w = − log z ⇐⇒ z = e−w Y%23!"#-.'cd!/(ef

4tu$%\0 < w <∞, 0 < z < 1'h 2\ih]jk]6

z0 := e−w0 = exp
[
−(γη) 1

1−γ

]
. (14)
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0 2 4 6 8

0.0
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0.4
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1 2 4 6 8 0 2 4 6 8

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1 2 4 6 8

! 1: w = w0"(13)#$%!&' w = w∗"(22)#$(!&)*+,"-
. w$/. γ&0η = 1"12&$η = 2 > 1"32&$η = 1/2 < 1"412&

0 2 4 6 8

0.0

0.2

0.4

0.6

0.8

1.0

1 2 4 6 8

e−1

0 2 4 6 8

0.0

0.2

0.4

0.6

0.8

1.0

1 2 4 6 8

e−1

! 2: z = z0"(14)#$%!&' z = z∗"(24)#$(!&)*+,"-.
z$/. γ&0η = 1"12&$η = 2 > 1"32&$η = 1/2 < 1"412&
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z0 !"#$%&'()*+,-./0γ �= 112 203245647

z0 = e−1 = 0.367879 · · · if 1− γη = 0,

max{e−1, e−γη} < z0 < 1 if (1− γ)(1− γη) > 0,

0 < z0 < min{e−1, e−γη} if (1− γ)(1− γη) < 0.

8$19:';<=>?$1γ �= 1 '@A1(11) *!BC/ D(w) =

w− γηwγ 'DE'FG=HI/JK!"#$19L'MN+OP./02

3564QRS!1γ > 1'@A1D(w)'DE!"#$&'()+,-./

09L!B#$%1T'()=() (∗)UV$WX./Q2 303245647

1. w = 0 (⇐⇒ z = e−w = 1)'Y1D(w) = 0.

2. 0 < w < w0 = (γη)1/(1−γ) 'Y10 < D(w) < w0.

3. w = w0 (⇐⇒ z = z0 = e−w0)'Y1D(w) = 0.

4. w0 < w <∞'Y1D(w) < 0.

5. w →∞ (⇐⇒ z → 0)'Y1D(w)→ −∞.

RZ!1γ < 1'@A1D(w)'DE!"#$&'()+,-./09L!

B#$%1T'()=() (∗∗)UV$WX./Q2 30[245647

1. w = 0 (⇐⇒ z = 1)'Y1D(w) = 0.

2. 0 < w < w0 = (γη)1/(1−γ) 'Y1−w0 < D(w) < 0.

3. w = w0 (⇐⇒ z = e−w0)'Y1D(w) = 0.

4. w0 < w <∞'Y1D(w) > 0.

5. w →∞ (⇐⇒ z → 0)'Y1D(w)→∞.
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(γη)
1

1−γ

(γη)
1

1−γ

0

(γ1+γη)
1

1−γ

(γ2η)
1

1−γ (γη)
1

1−γ

(γη)
1

1−γ

0

(γ1+γη)
1

1−γ

(γ2η)
1

1−γ

! 3: D(w) = w − γηwγ "#$%&'!(γ > 1")*+,!(γ < 1"

)*-(./ · · · u = γηwγ+0/ · · · u = w&12 u+32 w-

3.2 γ = 1!"#$%&'()*+

γ = 1")*+4567 (11)89:";<=>?@ABC(

f ′(z) ≶ 0 ⇐⇒ (1− η)w ≷ 1− α (15)

DE+ w = − log z, z ∈ (0, 1).

FG=HIJ9+γ = 1KCLM"G+η = 1")*N η < 1")*+η > 1

")*" 3O")*=PQEJRSTCU

VW+η = 1")*+4567 (15)89X=>?@ABC(

f ′
0(z) ≶ 0 ⇐⇒ α ≷ 1.

;YJ+(7)8Z[\ABC]^_`@abcQd"ef6^ f0(z|α, γ)"
ghi9i 6&jki-=lmnBCopNKCUqB=;YJ+ef6^

f "rs9+γ = 1tO η = 1")*+α < 1, α = 1, α > 1=uvJ+w

BxB?ygz{+_|Qd+?yh}{NKCqN~QtCU
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!"#η < 1 ⇐⇒ 1− η > 0$%&#'()* (15)+,!$-."/0

1234

f ′(z) ≶ 0 ⇐⇒ w ≷ 1− α

1− η
.

556#α < 1, α = 1, α > 1 "789#:2;2 (1 − α)/(1 − η) >

0, (1− α)/(1− η) = 0, (1− α)/(1− η) < 06<35=">?@2A#(7)

+6BC123DE)F f $GHI,#η < 1$%&#I 6JKLIM=N

9OP235=QRS3T52"-U9#DE)F f $0V,#γ = 1S

W η < 1$%&#α < 1, α ≥ 1"789#:2;2 UXY#Z[H\Y=

]35=QRS3T

^_"#η > 1 ⇐⇒ 1− η < 0$%&#'()* (15)+,!$-."/

01234

f ′(z) ≶ 0 ⇐⇒ w ≶ 1− α

1− η
.

556#α < 1, α = 1, α > 1 "789#:2;2 (1 − α)/(1 − η) <

0, (1− α)/(1− η) = 0, (1− α)/(1− η) > 06<35=">?@2A#(7)

+6BC123DE)F f $GHI,#η > 1$%&#I 6J`LIM=N

9OP235=QRS3T52"-U9#DE)F f $0V,#γ = 1S

W η > 1$%&#α ≤ 1, α > 1"789#:2;2Z[GaY#ZbY=

]35=QRS3T

cK$de"-U9#(7)+6BC123fFghijklRm$DE

)F f "Wn9#γ = 1$%&#:$0V=oF$)*"Wn9!$pq

Jrs 1MQOP231T]t#fFghijklRm$DE)F (7)+,#

γ = 1$%&#fFjklRm$DE)F (8)+"uv@35=">?@

3Twx#I 1,rs 1$yz{I0+6|}@3T

1rs 16~�123e�"�2A#Grassia (1977) ,!$-."yz{|}@34��#
(8) +6BC123fFjklRm$DE$0V,#α < 1 $%&#η < 1 ]PA U XY#
η ≥ 1 ]PA J XY=]�#α = 1 $%&#η < 1 ]PA� J XY#η = 1 ]PAg�Rm#
η > 1 ]PA��"�w� z = 1 6��({�30V=]�#α > 1 $%&#η ≤ 1 ]PA
� J XY#η > 1 ]PA��"�w�^��w6GaNx_"H\@30V=]3T
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!" 1 (!"#$%&'()*+,-.γ = 1+/01!"&'()*2).

(7) 3456789!"#$%&'()*+:;<" f=>γ = 1+/0>!

"&'()*+:;<" (8)3?@AB>C++DEF {(z, f(z|α, γ, η))| z ∈
(0, 1)}+,-=>GH+I" α, η ?JKLMN+OP?5Q91R 1S

T2UVB>MN4= f(z) := f(z|α, γ, η)WXYZ9U
1. 0 < η < 1+/0.

(a) 0 < α < 1+/0.U[\

:;<" f(z)+DEF=>z = m]^_`1a^bH2WZ

9 U[\+,-]cZ.

m := exp

(
−1− α

1− η

)
.

(b) 1 ≤ α <∞+/0.defg\
:;<" f(z)= z+defg<"4hi>C+DEF=de

jkNi+,-]cZU

2. η = 1+/0.

(a) 0 < α < 1+/0.delm\

:;<" f(z)= z+delm<"4hi>C+DEF=de

jkni+,-]cZU

(b) α = 1+/0.#o)*

:;<" f(z)=pq+ z ∈ (0, 1)?!BL5" 1]ri>C

+DEF=st\+,-]cZU

(c) 1 < α <∞+/0.defg\
:;<" f(z)= z+defg<"4hi>C+DEF=de

jkNi+,-]cZU

3. 1 < η <∞+/0.
(a) 0 < α ≤ 1+/0.delm\

:;<" f(z)= z+delm<"4hi>C+DEF=de

jkni+,-]cZU

15
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(b) 1 < α <∞!"#$%&'
()*+ f(z)!,-./0z = m1234526789:;

%&'!<=1>:$

m := exp

(
−1− α

1− η

)
.

? 1: ()*+ f(z|α, γ, η)!<=!@A5γ = 1!"#0BC 1DE8

α < 1 α = 1 α > 1

η < 1 U F' %GHI' %GHI'

η = 1 %GJK' LM@N %GHI'

η > 1 %GJK' %GJK' %&'

3.3 γ > 1!"#

γ > 1 ⇐⇒ 1 − γ < 0!"#0O7*P (11)QRST;*+ D(w)R

UVW0X 3.1YZ[>\]*P (∗)^_`:;a9Rbc:;5d 35e

d8DE8fγ > 1!"#RUVW/01− γα < 0!"#9 1− γα = 0!

"#01− γα > 0!"#! 3U!"#Rg@\Whi:;f

3.3.1 1− γα < 0!"#

jYZ/0

1− γα < 0 ⇐⇒ γα > 1 ⇐⇒ α >
1

γ

!"#RUVWhi:;fk\0γ > 1 ⇐⇒ 1/γ < 1Rbc:;f

lW0X 3.1YR[>\]*P (∗)Rbc:;90(13)QZmnlT;*
+D(w)!o4w0 > 0Rp\Wqrsw1 > w0^tu\W0w1−γηwγ

1 =

1− γα9Zv;faaZ0z1 := e−w1 9?w\W0xy*P (∗)Rbc:

16
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!"#$%&' (11)()*+#(7)(,-./!012&3 f(z|α, γ, η)4
56787 79:;<7=,>?@!0ABCDE0FGH#z B w8I

J)KL6MNO4&' z = e−w ⇐⇒ w = − log z )P0AB)QRS
0F*TU#1 < γ <∞EV 1/γ < α <∞4WX#12&3 f(z|α, γ)4
YZ8#

z = z1 = e−w1

[\]^9\_%=BS0K`a,P0FGH#w18&'( w1 − γwγ
1 =

1 − αγ [bcH#w1 > w0 ,P0FA!)*TU#\_% z1 8#(14)(

,-./!0 z0 *+d/e%,P0ABCDE0f

z1 = e−w1 < e−w0 = z0.

3.3.2 1− γα = 0!"#

gh,8#

1− γα = 0 ⇐⇒ γα = 1 ⇐⇒ α =
1

γ

4WX)VJUijS0FGH#γ > 1 ⇐⇒ 1/γ < 1)QRS0F

/U#k 3.1h)lmHc&' (∗))QRS0B#w = 0nc8 w = w0

)oJUD(w) = 0,P0E@#$%&' (11)()*+#(7)(,-./!

012&3 f(z|α, γ, η)456787 79:;p7=,>?@!0ABCDE

0FGH#zB w8IJ)KL6MNO4&' z = e−w ⇐⇒ w = − log z
)P0AB)QRS0F*TU#γ > 1 EV α = 1/γ 4WX#12&3

f(z|α, γ, η)4YZ8#
z = z0 = e−w0 = exp

[
−(γη) 1

1−γ

]

[\]^9\_%=BS0K`a,P09(14)(#q 29<q=rs=F

3.3.3 1− γα > 0!"#

gh,8#

1− γα > 0 ⇐⇒ γα < 1 ⇐⇒ α <
1

γ

17
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!"#$%&'()*+,-./γ > 1 ⇐⇒ 1/γ < 1$01*+,

2'/3456 (11)789:*+$;.'/5<D(w) = w−γηwγ , w ≥
0 $%&'=/>1! γ > 1 ? η > 0 $@.'/w !5<?.'ABC

!D/EFGHI [0, w0] $J&'KLM w∗ NOP*+Q?$01*+
Rw0 = (γη)1/(1−γ)ST

w∗ := arg max
w∈[0,w0]

D(w) (16)

UV/W 3.1X$YZ.V56 (∗)$[\/w ∈ (0, w0)$J&' 0 < D(w) <

w0 D]\/^%/w = 0 UV= w = w0 $J&' D(w) = 0 D]+Q

?$01*+?/KLM w∗ = (16) 7_`!KLabc!dMe/fg/

w∗ ∈ (0, w0)$.'

0 < D(w∗) = max
w∈[0,w0]

D(w) < w0

C+Q?Nh^+,UV/KLM w∗ =i1$jU+Q?$01*+,w∗
!i1klm!4$%&'=nc 2!op8qr2sV&,

tu!()$vw&'/1−γα > 0!xY?α, γ!y4k$[\ 0 < 1−
γα < 1D]+Q?$01*+?/(11)789:*+$;.'=/D(w∗) ≶ 1

D"#hz.'()*s{|&?h^+,m.'/γ > 1$}~'��C

η∗ ∈ (0, 1)NOP.'/�!3456N��*+Q?=nc 2!op$J

&'p�^$2s+T

D(w∗) ≶ 1 ⇐⇒ η ≷ η∗. (17)

��'/γ > 1^% 1− γα > 0 ⇐⇒ α < 1/γ !"#$%&'=/34

56 (17)7$vw&'/η ≤ η∗ !"#? η > η∗ !"#! 2%!"#$�

h.'()*+,

Wi$/η ≤ η∗ ⇐⇒ D(w∗) ≥ 1!"#/0 < 1− γα < 1D]+Q?$

01*+?/

D(w∗) = max
w∈(0,w0)

D(w) > 1− γα

D]\/^%/w∗Ni1$jU+Q?/m.'/w = 0UV= w = w0$

J&' D(w) = 0D]+Q?$01*+?/D(w)N w!5<?.'AB

18
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!"#$%&'()0 < w1 < w∗ < w2 < w0 < 1*+,- w1% w2./0

12)

w1 − γwγ
1 = w2 − γwγ

2 = 1− γα

%-#$%.!3#4$$!)

z2 := e−w2 < z∗ := e−w∗ < z1 := e−w1 (18)

%56-#%)7 3.18&9:1,;< (∗)% (11)=&'()(7)=!>?

@A#BC;D f(z|α, γ, η)EFG5H5 7IJK5L!MNOA#4$$

!)z % wHPQ&RSGTUVE;< z = e−w ⇐⇒ w = − log z &"
#$%&WX-#4YZ)z1 % z2 H[A\A w1 % w2 E]X^E_`%

12]X&>a()w1 % w2 E]X^&bQ2Hcd 2Eef*gh@A

,Q45 7IJK5L&'()BC;D f(z|α, γ, η)EijH)FklGTl
Fk%Qm 3n;DoYpq(Eij)rQVNAs)RS!HYQtE

Epq(Euv*:-$%.wx#4yz!H)$A*{RSFk|%}

~$%&-#4

7�&)η > η∗ ⇐⇒ D(w∗) < 1E��)�XE γ > 1&�12)1−γα

. αE;D%12��&12RSGT!"()xb)0 < α < 1/γ < 1&

�12)

lim
α→0

1− γα = 1, lim
α→1/γ

1− γα = 0

!"#$%&WX-#%)��Y α∗ ∈ (0, 1/γ).]X&/012

1− γα∗ = D(w∗) = max
w∈(0,w0)

D(w) (19)

%!3#4$A&'()�XE γ > 1&�12nE��;<*�#�

D(w∗) ≶ 1− γα ⇐⇒ α ≶ α∗. (20)

�1)0 < α < 1/γ !"#$%&WX-#4

q�E��&��Q2)7�E��Iη > η∗ ⇐⇒ D(w∗) < 1E��L&

ZQ2H)γ > 1xb α < 1/γY#��E�)0 < α < α∗E��% α = α∗
E��)α∗ < α < 1/γ E��E 3bE��&�&�w12��-#4

19
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!"#0 < α < α∗ $%&#(20)'()*

1− γα > max
w∈(0,w0)

D(w)

+,*#-.#/ 3.10(123456 (∗)7 (11)'(89:;7#<9

$ w > 0(=3>?$@A56BC;D

1− γα > D(w) ⇐⇒ f ′(z) > 0, ∀z ∈ (0, 1).

)E>#(7)'+FGHI;JK5L f(z|α, γ, η)$MNOPO 7QRSTOU

+VWXI;YZZ+#z7 wP[\(]^N_`a$56 z = e−w ⇐⇒
w = − log z (,;Z7(89:;YbE>#JK5L f(z|α, γ, η)$cd
P]^eTf*Q]^MghU+,;Y

?(#α = α∗ $%&#(20)'()*

1− γα = max
w∈(0,w0)

D(w) = D(w∗)

(3>#

1− γα > D(w), ∀w �= w∗

+,;Z7-X#(11)'(89:;7#(7)'+FGHI;JK5Lf(z|α, γ, η)
$MNOPO 7QRSiOU+VWXI;YZZ+#z 7 w P[\(]^

N_`a$56 z = e−w ⇐⇒ w = − log z (,;Yj4#!k$l*#
z∗ := e−w∗ 7Om:;YZI()*#JK5L f(z|α, γ, η)$cdP]^e
Tf*Q]^MghU7e;Z7nop:;Y

qr(#α∗ < α < 1/γ $%&#(20)'()*

1− γα < max
w∈[0,w0]

D(w) = D(w∗)

+,*#-.#w∗ns9(Fj;Z7#t3>#w = 0j4P w = w0(

u\>D(w) = 0+,;Z7(89:;7#D(w)nw$5L73>vw+

,;Z7()*#0 < w1 < w∗ < w2 < w0 Bx4: w1 7 w2 nyz3>#

D(w1) = D(w2) = 1− γα

20
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!"#$!%&'#($$&)(18)*!+,-

z2 := e−w2 < z∗ := e−w∗ < z1 := e−w1 (21)

!./"#!)0 3.11-234567 (∗)! (11)*-89)(7)*&:;

<=#>?6@ f(z|α, γ, η)ABC.D. 7EFG.H&IJK=#($$

&)z ! wDLM-NOCPQRA67 z = e−w ⇐⇒ w = − log z -S
#$!-TU"#(VW)z1 ! z2 DX=Y= w1 ! w2 AZU[A\]!

4^ZU-:_9)w1 ! w2 AZU[-`M^Dab 2Acdefg<=

5M(. 7EFG.H-89)>?6@ f(z|α, γ, η)AhiD)NO&DV
MjAAkl9AmnEoNOBpqHe3"$!%rs#(

3.3.4 !"#$%

tlAuv-8w^)γ > 1Axy)(7)*&:;<=#z@Z{|}~

�r�A>?6@ f Ahi-`M^�A\]Eab 2He�#(VW). 2

Dab 2A��e.h*&��"#(

&' 2 (z@Z{|}~�r�Ahi�γ > 1Axy). γ > 1Axy)(7)

*&:;<=#>?6@ f A��� {(z, f(z|α, γ, η))| z ∈ (0, 1)}AhiD)
��A�@ α! η-��^t�A8�-:_#E. 2fgH(�4)γ > 1

-z4^)

η∗ :=
(γ − 1)γ−1

γγ+1
, 0 < η∗ < 1

&S9E� 4fgH)γ > 1! η > η∗ -z4^)

α∗ =
1

γ
−
(
1− 1

γ

)
γ

1+γ
1−γ η

1
1−γ , 0 < α∗ <

1

γ

&S#2E� 5)� 6)� 7fgH(_5)t�&D f(z) := f(z|α, γ, η)!
2α∗ D)XA:;* (19)sKrs#�9)γ > 1Axy- α∗ < 1/γ !V9ED(w∗) > 0

-TUH)�- η > η∗ ⇐⇒ D(w∗) ≤ 1 -z4^D α∗ > 0 !V#($A�)α∗ �
�D η ≤ η∗ ⇐⇒ D(w∗) ≥ 1 -z4^j:;<=�#%)XA�Do��!V#�
η = η∗ ⇐⇒ D(w∗) = 1 A�- α∗ = 0)η < η∗ ⇐⇒ D(w∗) > 1 A�- α∗ < 0. $A
�)�J�)η = η∗ A�-D α∗ = 1/γ − (1− 1/γ)(γ − 1)−1 = 1/γ − 1/γ = 0 !4^j
�s�K=#(

21
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!"#$%

1. 1/γ ≤ α <∞&'()*+,
-./0 f(z)&12345z = z1 6789:7;<=>#$*+

,&?@6A#)

z1 = e−w1 .

BC5w1 4/DE D(w1) = 1 − αγ ≤ 0 6FGC5w1 ≥ w0 =

(γη)1/(1−γ) HI$%JKL5z1 = e−w1 ≤ z0 = e−w0 HI$%MG5

w14 α&*NOP/0>CLQMR5S&TU>CL57;< z14

α&*NVW/0>CLQM$%XY5α = 1/γ&ZY7;< z1 = z0

>[R5α→∞&ZY z1 → 0>[$%

2. 0 < α < 1/γ &'()

(a) η ≤ η∗ &'()\*NOP,
-./0 f(z)&12345(18)EHQ]^_$ z2 6`895

z1 6`a9>CLOPbVWbOP>cd?@:\*N[ef

R&?@5z2 < z15g 7higjk=6A#%

(b) η > η∗ &'()

i. 0 < α ≤ α∗ &'()*NOP,
-./0 f(z)4 z &*NOP/0HIR5S&1234

*N[efR&?@6A#%

ii. α∗ < α < 1/γ &'()\*NOP,

-./0 f(z)&12345(21)EHQ]^_$ z26`8

95z1 6`a9>CLOPbVWbOP>cd?@:\*

N[efR&?@5z2 < z15g 7higjk=6A#%

!". γ > 1&Z5(7)EHQ]^_$-./0 f(z|α, γ, η)&?@451/γ <

α < ∞&'(YlcL4*+,>[R50 < α < 1/γ &'(YlcL45

m</D (17)E&n5op[ α∗ ∈ (0, 1/γ)qrsCL5η ≤ η∗ [tu\
*NOP,5η > η∗ [tu α ≤ α∗ > α∗ < αYvwLS_x_*NOP

,>\*NOP,>[$%y&y>YzcL45{|Yl}$~�YJK

22
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!"#$%&#'()*+,!-./01-2345 (17)6789:;<

=>$?)@-γ #AB!CD; α∗ E3=FG;HI#:;*
JK#-2345 (17)6E89=>$?-L(IM#-γ #AB!CD

; η∗E3=FG;*LEN-D(w∗) = maxw∈(0,w0) D(w)0O;HI#P

Q?!-4RD(w)ESTU w∗ =VW?)X0-LEST3D(w∗)=Y
Z:;*L?!-LE[\#]^_!-2345 (17)6IM# η∗ E3=
VW:;*

`a-4R D(w)ESTU w∗ I1 (16)6ESTbcd#ef;g0O

;*+,!-w∗ 7hUg0O;HI w∗ ∈ (0, w0), w0 = (γη)1/(1−γ) IS

TbE 1ijk#+l-w∗ 1mE+n#KQ#CD;op 1oqpr-p

3osprturv

1− γ2ηwγ−1
∗ = 0 ⇐⇒ w∗ = (γ2η)

1
1−γ = γ

1
1−γ w0. (22)

HH0-0 < γ1/1−γ < 1#PQ:;I-w∗ = γ1/1−γw0 < w0 #+l-w

&#w∗ ∈ (0, w0)0O;*D)-STbE 2ijk1-γ > 1I η > 0#+

l-(16)6ESTbcd#e_!w&#x)'(!_;HI#PQ:;v

−γ2(γ − 1)ηwγ−2 < 0, ∀w ∈ (0, w0).

ye-D′(w) = 1− γ2ηwγ−1 ≶ 0 ⇐⇒ w ≷ (γ2η)
1

1−γ = w∗ #+l-4R
D(w)1 w < w∗ 0z{|}-w > w∗ 0z{~�0O;*H(#+,!-
(18)6I (21)6#�(; w1 I w2 7KQ#CD;HI7�&;*

m#-ST3D(w∗)=YZ:;*D(w∗) = w∗−γηwγ
∗ = (1−γηwγ−1

∗ )w∗
#+l-wγ−1

∗ = (γ2η)−1 #PQ:;I-mE��=�;v

D(w∗) =
(
1− 1

γ

)
w∗ =

(
1− 1

γ

)
γ

2
1−γ η

1
1−γ . (23)

ye-0 < 1/γ < 1#PQ:(�-D(w∗) < w∗ y;HI7�&;*
H(#+l-γ > 1#PQ:(�-mE2345=�;v

D(w∗) ≶ 1 ⇐⇒ η
1

1−γ ≶ γ
γ+1
γ−1

γ − 1
⇐⇒ η ≷ (γ − 1)γ−1

γγ+1
.

23
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!"#$%&'( (17))*+,-./01$21345$η∗*&-67"89

η∗ =
(γ − 1)γ−1

γγ+1
.

:;5$α∗*&< (19))5=>?#67@Aη > η∗BC!"#$α∗<$
'DD(w)*EF&D(w∗)5GH#$I*JK567@9

1− γα∗ = D(w∗) ⇐⇒ α∗ =
1

γ
−
(
1− 1

γ

)
γ

1+γ
1−γ η

1
1−γ .

EL5$z∗ := e−w∗ <I*!M5N01@AO 2APOBQRB9

z∗ = exp
[
−(γ2η)

1
1−γ

]
. (24)

N 2: ST'D f(z|α, γ, η)*UV*WXAγ > 1*YZ$[\ 2QRB

α

0 · · · α∗ · · · 1/γ · · · ∞
0 < η ≤ η∗ ]^_`ab ^cb

η∗ < η <∞ ^_`ab ]^_`ab ^cb

∗ γ > 1*YZ, α∗< η > η∗5de#6f01@.

24
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0 1 2 3 4 5

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

! 4: η = η∗ "#$%&(28)'()*+, η*-, γ > 1.

0.0 0.5 1.0 1.5 2.0 2.5

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

! 5: α = α∗"#$%&(29)'()*+, α*-, γ./01 · · · η = 1*2

1 · · · η = 2 > 1*301 · · · η = 1/2 < 1"45*321 · · ·α = 1/γ "#

$%

25
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0.0 0.5 1.0 1.5 2.0 2.5 3.0

0.
0

0.
5

1.
0

1.
5

! 6: α = α∗ "#$%&(29)'()*η ≤ 1"+,*-. α*/. γ012

34 · · · η = 1/10*254 · · · η = 1/4*34 · · · η = 1/2*54 · · · η = 3/4*

634 · · · η = 1"+,*654 · · ·α = 1/γ "#$%

0.0 0.5 1.0 1.5

0
1

2
3

4
5

! 7: α = α∗ "#$%&(29)'()*η ≥ 1"+,*-. α*/. γ012

34 · · · η = 5*254 · · · η = 3*34 · · · η = 2*54 · · · η = 3/2*634

· · · η = 1"+,*654 · · ·α = 1/γ "#$%
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3.4 γ < 1!"#

γ < 1 ⇐⇒ 1− γ > 0!"#$%&'( (11))*+,-'.D(w)*/

01$2 3.1345678'( (∗∗)9:;<-=>*?@<-ABC4D$
2 3.33>%E*71$1−γα < 0!"#> 1−γα = 0!"#$1−γα > 0

!"#! 3/!"#*FG71HI<-A

JK$1 − γα = 0 ⇐⇒ α = 1/γ !"#*/01D$2 3.33>LM%

E!HI*NO1$(7))4PQR,-ST'. f !UVW>71W 8XY

Z[W\9]^,-A_*$1− γα > 0 ⇐⇒ α < 1/γ!"#*/01D$

(1 − γ)(1 − γα) > 0!"#>71$2 3.33! 1 − γα < 0!"#>%E

!HI`ab<-=>4c1$ST'. f !UVW>71W 8XYZdW\

9]^,-Aef*$1− γα < 0 ⇐⇒ α > 1/γ!"#*/01D$2 3.3

3!HIX1− γα > 0!"#\*g71hij!kl`mn-op9qr

-!4$BC*s01HI<-A

BC$1 − γα < 0 ⇐⇒ α > 1/γ !"#*/01HI<-At7$

γ < 1 ⇐⇒ 1/γ > 1*?@<-AR1$%&'( (11))`uv<-*w

71$'. D(w) = w − γηwγ , w ≥ 0*/01D$x@! 0 < γ < 1>

η > 0*g71$w!'.>71yz{!4$|}~�� [0, w0]*s01

e�� w∗ 9��<-=>*?@<-Xw0 = (γη)1/(1−γ)\�

w∗ := arg min
w∈[0,w0]

D(w) (25)

�8$2 3.13*5678'( (∗∗)*N�$w ∈ (0, w0)*s01 −w0 <

D(w) < 04��$j/$w = 0�8D w = w0*s01D(w) = 04�-

=>*?@<->$e�� w∗D (25))[�!e����!���$��$

w∗ ∈ (0, w0)*71

−w0 < D(w∗) = min
w∈[0,w0]

D(w) < 0

{-=>9Gj-A==4$x@! 0 < γ < 1*g71$1− γα9 α!'

.>71yz*71��V�4��$j/$1 < 1/γ < α*g71$

lim
α→1/γ

1− γα = 0, lim
α→∞ 1− γα = −∞

27
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!"#$%&'()#%*+,- α∗ ∈ (1/γ,∞)./(&0123

1− γα∗ = D(w∗) = min
w∈(0,w0)

D(w) (26)

%!4#5$6&78*9(: γ > 1&;23<:=>?@AB#C

D(w∗) ≶ 1− γα ⇐⇒ α ≶ α∗. (27)

D2*α > 1/γ !"#$%&'()#5

EF:GH&IJK3*γ < 1LM α > 1/γ-#NO&PK3Q*1/γ <

α < α∗ :NO% α = α∗ :NO*α∗ < α <∞:NO: 3M:NO&RS

2TE!*U 3.3V%=W:GHAX8YZ[*(7)\!]^_6#`a?

b f :cde%23*e 8:fge%hge.Bi6#5

jE&7k3*γ < 1:NO*(7)\!]^_6#;b/lmnopSq

:`a?b f :rs&MK3<:tuvwx 3yAB#5-P*e 3Qw

x 3:z{Aer\!|})#5

!" 3 (;b/lmnopSq:rsCγ < 1:NO). 0 < γ < 1:NO*

(7)\!]^_6#`a?b f :~�� {(z, f(z|α, γ, η))| z ∈ (0, 1)}:r
sQ*�>:�b α% η&��3jh:7�&]�#ve 3��y5D2*

0 < γ < 1% η > 0&;23*

α∗ =
1

γ
+

(
1

γ
− 1

)
γ

1+γ
1−γ η

1
1−γ , α∗ >

1

γ

!"#v� 5*� 6*� 7��y5�T*jh!Q f(z) := f(z|α, γ, η)%�
�)#5

1. 0 < α ≤ 1/γ :NOCU��

`a?b f(z):~��Q*z = z1 A���v���>y%)# U

��:rsA�)C

z1 = e−w1 .

D2*w1Q?@\D(w1) = 1− γα ≥ 0A�T2*w1 ≥ w0!"#5

7k3*z1 = e−w1 ≤ z0 = e−w0 !"#5�T*w1 Q α:��d�
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!"#$%&'()*+,-#$%)./0 z11 α+2345!"

#$%&'6789)α = 1/γ +:9./0 z1 = z0 #;67

2. 1/γ < α < α∗ +<=>?23@AB
CD!" f(z)+EFG1)z2 HI/0)z1 HIJ0#$%@AK

45K@A#LMNOP?23;QR(+NO)z2 < z1)S 8TU

SVWXHYZ7

3. α∗ ≤ α <∞+<=>23@AB
CD!" f(z)1 z +23@A!"[\()*+EFG123;Q

R(+NOHYZ7

!". ]^_+`a9bL%1)^_ 2+`a#cd+efHghijkL7

l$)γ < 1+<=9 α∗m 1/γk(Jno;6p#9bL%1)0 < γ < 1

qb η > 09rsZ6#)1/γ − 1 > 0qb γ
1+γ
1−γ > 0)η1/(1−γ) > 0[\

6qt)uq9 α∗ > 1/γ Hv67

S 3: CD!" f(z|α, γ, η)+NO+wxPγ < 1+<=)^_ 3VWX

0 < α ≤ 1/γ 1/γ < α < α∗ α∗ ≤ α <∞
0 < η <∞ U yB ?23@AB 23@AB

3.5 #$%&'()*+,-./

^_ 1#^_ 2)^_ 3+z{H|=Z6p#9k}%)(7)~[&��

�6�"������w�+CD!" f +NO9bL%�+,-P�_ 1X

Hv67

01 1 (�"������w�+NO). (7)~[&���6CD!" f +

EFG {(z, f(z|α, γ, η))| z ∈ (0, 1)}+NO1)��+�" α# γ, η 9�

29
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!"#$%&'()*+,-./γ > 1(0."/

η∗ =
(γ − 1)γ−1

γγ+1
, 0 < η∗ < 1, (28)

12345 4678/γ �= 1(0."/

α∗ =
1

γ
−
(
1− 1

γ

)
γ

1+γ
1−γ η

1
1−γ =

1

γ
+

(
1

γ
− 1

)
γ

1+γ
1−γ η

1
1−γ (29)

12+45 5/5 6/5 7678,9:/γ < 1(0."; α∗ > 1/γ > 1/

γ > 1(0."; α∗ < 1/γ < 1123/<(/γ > 1%=>(; η > η∗(
0." α∗ > 012+,*?/#$1; f(z) := f(z|α, γ, η)@ABC+,

1. 0 < γ < 1%=>4DE(FG";HI 3678Jα∗ > 1/γ KL+,

(a) 0 < α ≤ 1/γ %=>J

MNOP f %QRS;/UTU%VWKXC,

(b) 1/γ < α < α∗ %=>J
MNOP f %QRS;/YZ[\]U%VWKXC,

(c) α∗ ≤ α <∞%=>J
MNOP f %QRS;/Z[\]U%VWKXC,

2. γ = 1%=>40P^_`ab/DE(FG";HI 1678J

(a) η = α = 1%=>4cdab8J

MNOP f %QRS;/efU%VWKXC,

(b) η > 1gF α > 1%=>J

MNOP f %QRS;/ZhU%VWKXC,

(c) η < 1gF α < 1%=>J

MNOP f %QRS;/UTU%VWKXC,

(d) η ≥ 1gF α ≤ 1%=>4η �= α8J

MNOP f %QRS;/Z[ijU%VWKXC,
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(e) η ≤ 1!" α ≥ 1#$%&η �= α'(

)*+, f #-./0123456#789:;<

3. 1 < γ <∞#$%&=>?"@A0BC 2DE'(α∗ < 1/γ 9FG.

(a) 0 < η ≤ η∗ #$%(

i. 0 < α < 1/γ #$%(

)*+, f #-./01H23IJ6#789:;<

ii. 1/γ ≤ α <∞#$%(
)*+, f #-./012K6#789:;<

(b) η∗ < η <∞#$%(
i. 0 < α ≤ α∗ #$%(
)*+, f #-./0123IJ6#789:;<

ii. α∗ < α < 1/γ #$%(

)*+, f #-./01H23IJ6#789:;<

iii. 1/γ ≤ α <∞#$%(
)*+, f #-./012K6#789:;<

3.6 !"#$%&'()*+,-./01+23456

(7)LMNOPQGR,STUVWXYZ#)*+, f 01[#\]^

$%_`A1γ = 1#$%?0R,VWXYZ#)*+, (8)L?ab`1

α = 1#$%?0R,WeibulllYZ#)*+, (9)L1[`A1η = 1#

$%?0cdR,STUVWXYZ#)*+, (10)L?ab;G<e?01

γ = α = η = 1#$%?SfYZ#)*+,?ab;G<

gh#ij?k@A01R,STUVWXYZ#)*+, f #l,_)

*#78?"@A1[#\]^$%9mn;G<γ = 1#$%?"@A01

oC 19FGpq?k@Ar?s 3.2jMmnPQ1[#tu_`ABC 1

9FA@v<wxA1gh#ijM01α = 1#$%_ η = 1#$%?"

@Ayz?mn;G<
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3.6.1 α = 1!"#$%&Weibull'(

(7)!"#$%&'()*+,-./012345) f 67α = 1289

:6()Weibulll012345) (9)!:;<='>?@A7BC 12D

EFAG2HIJD 1KLMN&'3>OP7Q 46D 12RSTQU!"

VW='>

) 1 (()*+,-./012UXYα = 1289J()Weibull01K).

(7)!"#$%&'()*+,-./012345) f67α = 12897(

)Weibull012345) (9)!:;<F7Z22[\]{(z, f(z|α, γ, η))| z ∈
(0, 1)}2UX67^_2`) γ, η :abAcd2?e:#f'JQ 4g

hK>iF7cd"6 f(z) := f(z|α, γ, η)Ejk='>

1. 0 < γ < 1289YUlm

345) f(z)2[\]67z = z1 TnopJqnr_KE=' U

lm2UXTs=Y

z1 := e−w1 .

iF7w1 > w0 :FA5t!D(w1) = 1− γ > 0Tuv=>

2. γ = 1289Y

(a) 0 < η < 1289Ywxyzm

345) f(z)6 z2wxyz5)"{|7Z2[\]6wx

O}d|2UXTs=>

(b) η = 1289Y*~01

345) f(z)6��2 z ∈ (0, 1):(FA#) 1T�|7Z

2[\]6��m2UXTs=>

(c) 1 < η <∞289Ywx��m
345) f(z)6 z2wx��5)"{|7Z2[\]6wx

O}�|2UXTs=>
3�2p7Mazucheli, Menezes, Fernandes, de Oliveira and Ghitany (2020) 67(9) !

"#$%&'()Weibull01Jw�Weibull01K234:��A7Z2`) η T��A
0�pTQ=`):����v�"7`)EUX25tT�D�:�s='>
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3. 1 < γ <∞!"#$%&'
()*+ f(z)!,-./0z = z1 1234526789:;%&

'!<=1>:$

z1 := e−w1 .

?@0w1 > w0 A@B*CDD(w1) = 1− γ < 01EF:G

!". HI!JK/0LM 1ANOB α = 19:PQRSP;T0UVA

/0WX!Y0Z[\]^_1`>:;G

aB0α = 1!"#0b7*C (11)D/c!deAf%gaP;$

f ′(z) ≶ 0 ⇐⇒ D(w) ≷ 1− γ (30)

?@0D(w) := w − γηwγ , w = − log z, z ∈ (0, 1).

γ = 1!"#AhOB/0i 3.2jklA^_aPFmnko;GdpB0

UVANOB/0γ �= 1!"#AhOB0γ > 1!"#9 γ < 1!"#A3

q@B^_:;G

rs0γ > 1 ⇐⇒ 1 − γ < 0!"#0i 3.1jk`>@F*+ D(w)

!tuAhOB!*C (∗) Avw:;90xy] w1 > w0 TzwA{|

@B D(w1) = 1 − γ 9k};G~~k0z1 := e−w1 9��:PQ0b7

*C (30) DAdn0(7) Dk��aP;()*+ f(z|α, γ, η) !���/
� 75����8k��SP;G?@0z 9 w/�OA%�����!*

C z = e−w ⇐⇒ w = − log zAo;~9Avw:;G~PAdn0α = 1

�h γ > 1!"#0()*+ f(z|α, γ, η)!<=/0

z = z1 = e−w1

1234526789:;%&'ko;~9T��:;G

cA0γ < 1 ⇐⇒ 1 − γ > 0!"#0i 3.1jk`>@F*+ D(w)

!tuAhOB!*C (∗∗)Avw:;90xy] w1 > w0 TzwA{|

@B D(w1) = 1 − γ 9k};G~~k0z1 := e−w1 9��:PQ0b7

*C (30) DAdn0(7) Dk��aP;()*+ f(z|α, γ, η) !���/
� 85����8k��SP;G?@0z 9 w/�OA%�����!*
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! z = e−w ⇐⇒ w = − log z"#$%&"'()$*%+",-.α = 1

/0 γ < 1123.4567 f(z|α, γ, η)189:.
z = z1 = e−w1

;<=>?@<ABC&)$ UDEF#$%&GHI)$*

JK1LM",NO.(7)PFQRS+$4567 f "0TO.U1V7

&8916!G α = 1123"WTOIX/"S+Y*

Z 4: 4567 f(z|α, γ, η)1891[\?α = 1123.] 1^_C

η < 1 η = 1 η > 1

γ < 1 U DE

γ = 1 `abcE de[f `aghE

γ > 1 `iE

3.6.2 η = 1!"#$%&'()*+,-./0

(7)PFQRS+$j7dklmno[f14567 f :.η = 1123.

U1pqE (10)P"rs)$*,NO.tu 11]&vOw1xy?] 2C

GzX+$?{|"0TO:.}~ 2020^_C*�W.Z 5:] 21��

;Z8PF��)$*

1 2 (j7dklmno[f189�η = 1123?pqEC). (7)PFQ

RS+$j7dklmno[f14567 f :.η = 1123.U1pq

E (10)P"rsv.U1��� {(z, f(z|α, γ, η))| z ∈ (0, 1)}189:.�
B1V7 α, γ "��OJ�1,�"Q�$?Z 5^_C*�v.γ �= 1"

jvO.

α∗ =
1

γ
−
(
1− 1

γ

)
γ

1+γ
1−γ =

1

γ
+

(
1

γ
− 1

)
γ

1+γ
1−γ , α∗ > 0 (31)

F#$*�Y.J�F: f(z) := f(z|α, γ, η)&��)$*
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1. 0 < γ < 1!"#$α∗ > 1/γ %&'(

(a) 0 < α ≤ 1/γ !"#$U)*

+,-. f(z)/012340567%89:;!<=>/ U

)*!?@%AB(

(b) 1/γ < α < α∗ !"#$CDEFG*
+,-. f(z)!<=>/:FGHIJHFGKLM?@%AB(

(c) α∗ ≤ α <∞!"#$DEFG*
+,-. f(z)/ z!DEFG-.NOP:;!<=>/DE

QRSP!?@%AB(

2. γ = 1!"#$

(a) 0 < α < 1!"#$DEIJ*

+,-. f(z)/ z!DEIJ-.NOP:;!<=>/DE

QRTP!?@%AB(

(b) α = 1!"#$UVWX

+,-. f(z)/YZ! z ∈ (0, 1)[\]^_. 1%`P:;

!<=>/ab*!?@%AB(

(c) α > 1!"#$DEFG*

+,-. f(z)/ z!DEFG-.NOP:;!<=>/DE

QRSP!?@%AB(

3. 1 < γ <∞!"#$α∗ < 1/γ %&'.

(a) 0 < α ≤ α∗ !"#$DEIJ*
+,-. f(z)/ z!DEIJ-.NOP:;!<=>/DE

QRTP!?@%AB(

(b) α∗ < α < 1/γ !"#$CDEIJ*

+,-. f(z)<=>/:IJHFGHIJKLM?@%AB(
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(c) 1/γ ≤ α <∞!"#$%&'
()*+ f(z),-./0-12345678!9:;,%&

'!<=4>?@

!". AB!CD,7EF 1GHIJ η = 1K?LMNOLP@QH7R

STQUVGWIJ,7XY0202034Z[\L]I@

^ 5: ()*+ f(z|α, γ, η)!<=!_`0η = 1!"#7B 2Z[3
α

0 · · · α∗ · · · 1/γ · · · α∗ · · · ∞
γ < 1 U a' b%cde' %cde'
γ = 1 %cfg' hi_j %cde'
γ > 1 %cfg' b%cfg' %&'

∗ γ < 1!"#, α∗ > 1/γ > 1 KQk, γ > 1!"#, 0 < α∗ < 1/γ < 1 KQP.

4 #$

AlGHIJmn\L]()*+ (7)o45Wpq_j0r+hstu

vw_j3,7%xyz (0, 1){G|}\LP_jG~J73W!�+45

W@8~J78! 3W!�+G��J78!()!<=,.�� 7`'0h

i_j�%&'�Ua'�%cfg'�%cde'�b%cfg'�b%

cde'3G_`\LP�K���~]0EF 1Z[3@

r+hstuvw_jK���%xyz (0, 1){G|}\LP���_j

,72W!�+45678! 2W!�+G��J()!<=4��G�t\

�P�K��OLJIP@�k��TG,7���_j!()!<=,78

! 2W!�+G��J7.�� 5`'0hi_j�%&'�Ua'�%cfg

'�%cde'3G_`\LP0��M7Johnson, Kotz and Balakrishnan

1995, p.219�XY 2018Z[3@K���73W!�+45Wr+hstu

vw_j,78!��Q"#K~J78!��'!_j�r+uvw_j7
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!"Weibull#$%&'()*+,-(),./01 321#$3,45

6#$789:,;</= 221>"%?2@.1A,!"BCD#$7

!"Weibull#$1EF1GH3,456#$789: 5IJKL9#$M

NOJMUPJMNQRSJMNQTUJV:#IW/XLYZ,[\!"

L]^BCD#$:2;)3,EF1GH7(),321>"%?2!"L

]^#$78_` 7IJ%a?bX.7cd0e:fghKij 1,k 1,

k 2lmV@

no:p+,!"L]^BCD#$3,456#$Z3qrW/sf;

tNQRSJ7tNQTUJ7;uGH%v(s),-(),-1GH3,

!"BCD#$w!"Weibull#$Z3a?W/f;LYZ,[\!"L

]^BCD#$Z3a?W/X.7cxd(h@
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A !"#$%&'()*+,-."+/01

!"#$%(7)&'()*+,-./0123456789:.f(z| α, γ, η),
z ∈ (0, 1)7;<=>?@A,BC+DEF%89:. f 7 3G7HIJ.

α, γ, η > 0KLMN7OPK7:QRSTUDV,BW7XYKZ[%"

\ 1K"\ 2%"\ 3R]T+%^_[$%`\ 1R]T+,BVa%b

c7=Da_[%z0K z∗, η∗, α∗7()DG_[$W+d+ (14)&K (24)

&%(28)&%(29)&'efT+,gh 2%h 4%h 5%h 6%h 7ijkBl

m%z1K z27()DG_[$%W+d+7noDpq[!rs7t#u"

\>ij*+m_B

= 6: 89:. f(z| α, γ, η)7;<=gγ = 17nokvwx=gη < 17n

ok%sx=gη = 17nok%cx=gη > 17nok%y=gα < 17n

ok%s=gα = 17nok%z=gα > 17nok

z 0 · · · e−
1−α
1−η · · · 1

f ′ − 0 +

f ↘ ↗

z 0 · · · 1

f ′ − 0

f ↘

z 0 · · · 1

f ′ −
f ↘

z 0 · · · 1

f ′ +

f ↗

z 0 · · · 1

f ′ 0

f →

z 0 · · · 1

f ′ −
f ↘

z 0 · · · 1

f ′ +

f ↗

z 0 · · · 1

f ′ + 0

f ↗

z 0 · · · e−
1−α
1−η · · · 1

f ′ + 0 −
f ↗ ↘
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! 7: "#$% f(z| α, γ, η)&'(!)γ > 1&*+,-./0!)1/γ <

α < ∞ &*+,1./2!)α = 1/γ &*+,13/!)η ≤ η∗ 45
0 < α < 1/γ &*+678 η > η∗ 45 α∗ < α < 1/γ &*+,19/0!

)η > η∗45 α = α∗&*+,19/2!)η > η∗45 0 < α < α∗&*+,

z 0 · · · z1 · · · 1

f ′ + 0 −
f ↗ ↘

z 0 · · · z0 · · · 1

f ′ + 0 − 0

f ↗ ↘
z 0 · · · z2 · · · z1 · · · 1

f ′ + 0 − 0 +

f 0 ↗ ↘ ↗
z 0 · · · z∗ · · · 1

f ′ + 0 +

f ↗ ↗

z 0 · · · 1

f ′ +

f ↗

! 8: "#$%f(z| α, γ, η)&'(!)γ < 1&*+,-./0!)0 < α < 1/γ

&*+,1./2!)α = 1/γ &*+,13/!)1/γ < α < α∗ &*+,1
9/0!)α = α∗ &*+,19/2!)α∗ < α <∞&*+,

z 0 · · · z1 · · · 1

f ′ − 0 +

f ↘ ↗

z 0 · · · z0 · · · 1

f ′ − 0 + 0

f ↘ ↗
z 0 · · · z2 · · · z1 · · · 1

f ′ − 0 + 0 −
f 0 ↘ ↗ ↘
z 0 · · · z∗ · · · 1

f ′ − 0 −
f ↘ ↘

z 0 · · · 1

f ′ −
f ↘

40
������

�������



B !"#$%&'()*+),-.")/01

!"#$%(7)&'()*+,-./0123456789:.f(z| α, γ, η),
z ∈ (0, 1)7;<=>?@A,BCDEf(z|α, γ, η)%FDEzGH

IJ%"# B.2JKLM$ γ = 17NOB-.23456GJPLM?

@Q%RQM%"# B.3JKLM$ α = 17NOB-.Weibull56GJ

PLM%"# B.4JKLM$ η = 17NOBST-./0123456G

JPLM%UVJ%"# B.5JKLM$/07NOB-./012345

6GJPLM?@A,HWK%XY'Z[\]M7NOJ^_A,I`W

NOaQM%α = γ = η = 17NOB/b56GJPLM$%"# B.1'

?@A,H

B.1 α = γ = η = 1)234#5*+

0

0.2

0.4

0.6

0.8

1

1.2

0.2 0.4 0.6 0.8 1

? 8: 89:. f(z|α, γ, η)7;<=Bα = γ = η = 17NOE/b56G
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B.2 γ = 1!"#$%&'()*+

B.2.1 α > 1,- η > 1!"#$./0

0

0.5

1

1.5

2

2.5

0.2 0.4 0.6 0.8 1

! 9: "#$% f(z|α, γ, η)&'()*α = η = 2&+,-./012α = 2

34 η = 3&+,-.5012α = 334 η = 2&+,-/012α = η = 3

&+,-501

B.2.2 α < 1,- η < 1!"#$U10

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

0.2 0.4 0.6 0.8 1

! 10: "#$% f(z|α, γ, η) &'()*α = η = 1/2 &+,-./012

α = 1/234 η = 1/3&+,-.5012α = 1/334 η = 1/2&+,-/

012α = η = 1/3&+,-501
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B.2.3 α ≤ 1!" η ≥ 1#$%&α �= η'()*+,-

0

1

2

3

4

0.2 0.4 0.6 0.8 1

! 11: "#$% f(z|α, γ, η)&'()*α = 1&+,-.η = 3/2&+,*/

01-2η = 2&+,*/31-2η = 3&+,*01-2η = 4&+,*31-

0

1

2

3

4

5

6

0.2 0.4 0.6 0.8 1

! 12: "#$% f(z|α, γ, η)&'()*η = 1&+,-.α = 1/10&+,

*/01-2α = 1/4&+,*/31-2α = 1/2&+,*01-2α = 3/4

&+,*31-2α = 9/10&+,*401-
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0.2 0.4 0.6 0.8 1

! 13: "#$% f(z|α, γ, η)&'()*α < 1+, η > 1&-./0α = 1/2

+, η = 2&-.*123/4α = 1/2+, η = 3&-.*153/4α = 1/3

+, η = 2&-.*23/4α = 1/3+, η = 3&-.*53/

B.2.4 α ≥ 1!" η ≤ 1#$%&α �= η'()*+,-

0

1

2

3

4

0.2 0.4 0.6 0.8 1

! 14: "#$% f(z|α, γ, η)&'()*α = 1&-./0η = 1/10&-.

*123/4η = 1/4&-.*153/4η = 1/2&-.*23/4η = 3/4

&-.*53/4η = 9/10&-.*623/
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0.2 0.4 0.6 0.8 1

! 15: "#$% f(z|α, γ, η)&'()*η = 1&+,-.α = 3/2&+,*/

01-2α = 2&+,*/31-2α = 3&+,*01-2α = 5&+,

*31-

0

1

2

3

4

0.2 0.4 0.6 0.8 1

! 16: "#$% f(z|α, γ, η)&'()*α > 145 η < 1&+,-.α = 24

5 η = 1/2&+,*/01-2α = 245 η = 1/3&+,*/31-2α = 3

45 η = 1/2&+,*01-2α = 345 η = 1/3&+,*31-
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B.3 α = 1!"#$%&Weibull'(

B.3.1 γ > 1!"#$)*+

0

0.5

1

1.5

2

0.2 0.4 0.6 0.8 1

! 17: "#$% f(z|α, γ, η)&'()*γ = 3/2&+,-.η = 1/2&+,

*/01-2η = 1&+,*/31-η = 3/2&+,*01-2η = 2&+,

*31-2η = 3&+,*401-

0

0.5

1

1.5

2

2.5

0.2 0.4 0.6 0.8 1

! 18: "#$% f(z|α, γ, η)&'()*γ = 2&+,-.η = 1/2&+,*/

01-2η = 1&+,*/31-η = 3/2&+,*01-2η = 2&+,*3

1-2η = 3&+,*401-
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0.2 0.4 0.6 0.8 1

! 19: "#$% f(z|α, γ, η)&'()*γ = 3&+,-.η = 1/2&+,*/

01-2η = 1&+,*/31-η = 3/2&+,*01-2η = 2&+,*3

1-2η = 3&+,*401-

B.3.2 γ < 1!"#$U%&

0

0.2

0.4

0.6

0.8

1

1.2

0.2 0.4 0.6 0.8 1

! 20: "#$% f(z|α, γ, η)&'()*γ = 1/2&+,-.η = 1/4&+,

*/01-2η = 1/2&+,*/31-η = 3/4&+,*01-2η = 1&+

,*31-2η = 2&+,*401-2η = 3&+,*431-
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B.3.3 γ = 1!" η > 1#$%&'()*+

0

1

2

3

4

0.2 0.4 0.6 0.8 1

! 21: "#$% f(z|α, γ, η)&'()*η = 3/2&+,-./012η = 2

&+,-.301η = 3&+,-/012η =4&+,-301

B.3.4 γ = 1!" η < 1#$%&'(,-+

0

1

2

3

4

0.2 0.4 0.6 0.8 1

! 22: "#$% f(z|α, γ, η)&'()*η = 1/4&+,-./012η = 1/2

&+,-.301η = 3/4&+,-/01
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B.4 η = 1!"#$%&'()*+,-./0

B.4.1 γ > 112 α ≥ 1/γ !"#$345

0

1

2

3

4

5

0.2 0.4 0.6 0.8 1

! 23: "#$% f(z|α, γ, η)&'()*γ = 3/2&+,-.α = 2/3&+,

*/01-2α = 3/4&+,*/31-α = 1&+,*01-2α = 3/2&+

,*31-2α = 2&+,*401-2α = 3&+,*431-

0

1

2

3

4

5

0.2 0.4 0.6 0.8 1

! 24: "#$% f(z|α, γ, η)&'()*γ = 2&+,-.α = 1/2&+,*/

01-2α = 3/4&+,*/31-α = 1&+,*01-2α = 3/2&+,

*31-2α = 2&+,*401-2α = 3&+,*431-
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! 25: "#$% f(z|α, γ, η)&'()*γ = 3&+,-.α = 1/3&+,*/

01-2α = 1/2&+,*/31-α = 2/3&+,*01-2α = 1&+,

*31-2α = 2&+,*401-2α = 3&+,*431-

B.4.2 γ < 1!" α ≤ 1/γ #$%&U'(

0

0.1

0.2

0.3

0.4

0.5

0.2 0.4 0.6 0.8 1

! 26: "#$% f(z|α, γ, η)&'()*γ = 1/4&+,-.α = 4&+,*/

01-2α = 3&+,*/31-α = 2&+,*01-2α = 1&+,*3

1-2α = 1/2&+,*401-2α = 1/4&+,*431-
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! 27: "#$% f(z|α, γ, η)&'()*γ = 1/2&+,-.α = 2&+,*/

01-2α = 3/2&+,*/31-α = 1&+,*01-2α = 3/4&+,

*31-2α = 1/2&+,*401-2α = 1/4&+,*431-

0

0.2

0.4

0.6

0.8

1

1.2

1.4

0.2 0.4 0.6 0.8 1

! 28: "#$% f(z|α, γ, η)&'()*γ = 3/4&+,-.α = 4/3&+,

*/01-2α = 1&+,*/31-α = 2/3&+,*01-2α = 1/2&+

,*31-2α = 1/4&+,*401-
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B.4.3 γ ≥ 1!" α ≤ α∗ #$%&'()*+

0

0.5

1

1.5

2

2.5

3

0.2 0.4 0.6 0.8 1

! 29: "#$% f(z|α, γ, η)&'()*γ = 1&+,-.α = 1/4&+,*/

01-2α = 1/2&+,*/31-2α = 3/4&+,*01-

0

0.5

1

1.5

2

2.5

0.2 0.4 0.6 0.8 1

! 30: "#$% f(z|α, γ, η)&'()*γ = 2&+,-.α = 1/10&+,

*/01-2α = 1/5&+,*/31-2α = 3/10&+,*01-2α = 2/5

&+,*31-2α = α∗ = 7/16 = 0.4375&+,*401-
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! 31: "#$% f(z|α, γ, η)&'()*γ = 3&+,-.α = 1/10&+,

*/01-2α = 1/5&+,*/31-2α = 1/4&+,*01-2α = α∗ =
7/27 � 0.2593&+,*31-

B.4.4 γ > 1!" α∗ < α < 1/γ #$%&'()*+,

0
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0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

0.2 0.4 0.6 0.8 1

! 32: "#$% f(z|α, γ, η)&'()*γ = 2&+,-.α = 0.44&+,*/

01-2α = 0.46&+,*/31-2α = 0.47&+,*01-2α = 0.49&

+,*31-

53

��������	
����������

������

�������



0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2
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! 33: "#$% f(z|α, γ, η)&'()*γ = 3&+,-.α = 0.26&+,*/

01-2α = 0.28&+,*/31-2α = 0.30&+,*01-2α = 0.32&

+,*31-2α = 0.33&+,*401-

B.4.5 γ ≤ 1!" α ≥ α∗ #$%&'()*+

0

1

2

3

4

0.2 0.4 0.6 0.8 1

! 34: "#$% f(z|α, γ, η)&'()*γ = 1&+,-.α = 3/2&+,*/

01-2α = 2&+,*/31-2α = 3&+,*01-2α = 5&+,

*31-
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! 35: "#$% f(z|α, γ, η)&'()*γ = 1/3&+,-.α = α∗ = 29/9 �
3.222&+,*/01-2α = 7/2&+,*/31-2α = 4&+,*01-2

α = 5&+,*31-

0

0.2

0.4

0.6

0.8

1

0.2 0.4 0.6 0.8 1

! 36: "#$% f(z|α, γ, η)&'()*γ = 1/2&+,-.α = α∗ = 17/8 =

2.125&+,*/01-2α = 5/2&+,*/31-2α = 3&+,*01-2

α = 4&+,*31-2α = 5&+,*401-
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B.4.6 γ < 1!" 1/γ < α < α∗ #$%&'()*+,

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14
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0.18

0.2

0.2 0.4 0.6 0.8 1

! 37: "#$% f(z|α, γ, η) &'()*γ = 1/3 &+,-.α = 3.05 &

+,*/01-2α = 3.10&+,*/31-2α = 3.15&+,*01-2

α = 3.20 < α∗ � 3.22&+,*31-

0

0.1

0.2

0.3

0.4

0.5

0.6

0.2 0.4 0.6 0.8 1

! 38: "#$% f(z|α, γ, η)&'()*γ = 1/2&+,-.α = 2.025&+

,*/01-2α = 2.050&+,*/31-2α = 2.075&+,*01-2

α = 2.100 < α∗ = 2.125&+,*31-
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B.5 !"#$%&'(!")*+,-.

B.5.1 γ > 1#$%

!"#γ = 2$%&'()*+,-./0$1#(28)2'34 η∗ = 1/8

56.07'89-.:+ 4;<=/

0
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3

4

0.2 0.4 0.6 0.8 1

+ 39: >?@A f(z|α, γ, η)$BCD:γ = 2E( η = η∗ = 1/8$%&=F

α = 1/10:GHI=#α = 1/5:GJI=#α = 3/10:HI=#α = 2/5:J

I=#α = 1/2 = 1/γ:KHI=#α = 3/5:KJI=$%&

0
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0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

0.2 0.4 0.6 0.8 1

+ 40: >?@A f(z|α, γ, η)$BCD:γ = 2E( η = 1/4 > η∗ $%&=F
α = 1/5:GHI=#α = 1/4 = α∗:GJI=#α = 1/3:HI=#α = 2/5

:JI=#α = 1/2 = 1/γ:KHI=#α = 3/5:KJI=$%&
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! 41: "#$% f(z|α, γ, η)&'()*γ = 2+, η = 1/2 > η∗ &-./0
α = 1/4*123/4α = 1/3*153/4α = 2/5 > α∗ = 3/8*23/4

α = 0.45*53/4α = 1/2 = 1/γ*623/4α = 3/4*653/&-.
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! 42: "#$% f(z|α, γ, η)&'()*γ = 2+, η = 2 > η∗ &-./0
α = 1/4*123/4α = 2/5*153/4α = 0.48 > α∗ = 15/32*23/4

α = 1/2 = 1/γ*53/4α = 3/4*623/4α = 1*653/&-.
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B.5.2 γ < 1!"#

!"#γ = 1/2$%&'()*+,-./
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+ 43: 0123 f(z|α, γ, η) $4567γ = 1/2 8( η = 4 $%&9:

α = 2 = 1/γ7;<=9#α = 2.57;>=9#α = 37<=9#α = 3.57>

=9#α = 4 = α∗7?<=9#α = 4.57?>=9$%&
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+ 44: 0123 f(z|α, γ, η)$4567γ = 1/28( η = 3$%&9:α = 1.5

7;<=9#α = 2 = 1/γ7;>=9#α = 2.57<=9#α = 3 < α∗ = 25/8

7>=9#α = 3.5 > α∗7?<=9#α = 47?>=9$%&
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! 45: "#$% f(z|α, γ, η)&'()*γ = 1/2+, η = 2&-./0α = 1/2

*123/4α = 1*153/4α = 2 = 1/γ*23/4α = 3 > α∗ = 5/2

*53/4α = 4*623/4α = 5*653/&-.
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! 46: "#$% f(z|α, γ, η) &'()*γ = 1/2 +, η = 2 &-./0

α = 2 = 1/γ*123/4α = 2.1*153/4α = 2.2*23/4α = 2.3

*53/4α = 2.4*623/4α = 2.5 = α∗ = 5/2*653/&-.
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! 47: "#$% f(z|α, γ, η) &'()*γ = 1/2 +, η = 1/2 &-./0

α = 1/2*123/4α = 1*153/4α = 2 = 1/γ*23/4α = 3 >

α∗ = 65/32*53/4α = 4*623/&-.
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! 48: "#$% f(z|α, γ, η) &'()*γ = 1/2 +, η = 1/2 &-./0

α = 2 = 1/γ*123/4α = 2.01*153/4α = 2.02*23/4α =

2.03 < α∗ = 65/32*53/4α = 2.04 > α∗*623/4α = 2.05*65

3/&-.
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