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Some remarks on invariant rings under the actions of
reflection groups related to Weyl groups
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Abstract We will consider some invariant rings over the finite field Fo and the field
of rational numbers Q. In particular, a few remarks on invariant rings under the
reflection groups related to W (Sp(5)) for Fy and to W (PU(3)) for Q will be given.
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In [5], we have considered the mod 2 invariant rings related to the symplectic groups,
namely H*(BT";Fo)"» where W, is the mod 2 reduction of the integral representation

W, = ¢poaW(Sp(n))¢py . Here note that the reflection group W (Sp(n)) is generated by
-1

the permutation matrices 3, and the n x n diagonal matrix L , and that
1
1 0
P2 = Lo
TS O
2 2 2

It is shown [5] that the invariant ring H*(BT™;F9)"» is polynomial for n = 3,4, and
that it is not polynomial for n = 6,8. Thus, for instance, the case of n =5 is remained
open due to a heavy calculation involved. This time we have got a help from the
Maxima software 5.41.0, [8]. Let W* denote the dual representation of a subgroup
W of GL(n,F,). We will see that both of the invariant rings H*(BT%;F)"s and

H*(BT5; ]FQ)WS* are polynomial.

Theorem 1 The invariant rings H*(BT5;F3)Ws and H* (BT5;IF2)W5* are polynomial
of the following types:

(a) H*(BT%;Fo)Ws = Fyxg, s, 112, 216, T20)]

(b) H*(BT?Fo)"s' = Falya, ys, ys, 10, y32] -

The explicit expressions for the generators will be given in §1. Meantime, we note
that |W,| = w so that [W5| = 2% - 5!, since it is important to find a system of
parameters, [11, Proposition 5.5.5].

Next we consider the cohomology in rational coeffients. Recall that for any ring R we
have H*(BT™; R) = R|[t1,t2,- - ,ty] and that for a free R—module V of rank n we have
S(V) = H*(BT™; R). Consider the case of n =2 and R = Z. In §2 we will show an
example such that S(V)V ® Q = Q[a, 8] and Q[a, 8] N S(V)W # Za, B].

Some results related to this work were announced at a regional meeting of the Japan
Math. Soc., [6]. And Duan announced some related work at The 2nd Pan-Pacific
International Conference on Topology and Applications, [1].
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1 Modular invariant rings for n =5

We will determine the structures of both invariant rings H*(BT?®; FQ)W5 and H*(BT?; FQ)W5* .
The theory of invariant rings can be found in [7], [9], [11], [12] and [13]. First we give

the explicit expressions for the generators {xz;} for H*(BT?;F5)"5.

We notice that Wiy is generated by the symmetric group ¥, together with two reflections:

10000 10000
01000 01000
%—<24,00100,00100>.
11110 00010
11101 1000 1

Let ¢; (1 < ¢ < 4) be the fundamenthal symmetric polynomials on 4 letters, or the
Chern classes for H*(BU(4);F2).

c1 =11 +ta+13+14
co = t1ty + t1tg + t1tg + tots + toty + t3ty
c3 = t1tots + t1taty + t1tsty + tatsly

cq = t1totsty

The follwing set V is invariant under the action of Wis.

V:{t1—|—t2—|—t3—|—t4, t1+to+1t3+1t4+ 15, t1 +12+ 13,861 + 12 4+ 14,
t1 +134+1t4, to+1t3+14, t1 +12+1t3+15, t1 +12+ 14+ 15,
t1 +13+t4 + 15, t2+t3+t4+t5}

Consequently, each coefficient of the follwing polynomial f(X) is Wj-invariant. The
underlined elements are the generators mensioned in Theorem 1.

FXO) =T (X +v) =X" 4+ 25 X7 + 25 X0 + 2925 X° + 21 X* + 23 (25 + 25) X°
veV
+ mXQ + xg(asg + .’E%.’Eg + .’17%.’1,'12 +z16) X + 220

For example, xg can be written in terms of ¢; (1 <i < 5) as follows:

Ty = ta + tatals + totsts + titygt? + totst? + titst? + titots + tatots
+ tot3ts + t1t3ts + taitats + tatats + t3tats + totats + titats + totsts
+ t3tts + ttats + thtats + tats + tat] + 13t + tats + t3t3 + 1313

If we use ¢; (1 <1i<4), we get the follwing.
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To =15
xg = t3 + cat? + (crca + c3)ts + 3
T10 = 13 + cotd + (crea + 3)t2 4 cAts = woxs
T1o = Cots + c3t2 + (g + cleg + c165 + cieq + cac3)ts + (crco + c3)?
T4 = ot + (c1co + c3)th 4 3t3 = a3 (x5 + )
z16 = (c1e2 4 3)t2 + (¢f + ea + ca)td + (163 + cocs)t
+ (cfea + cacy + D)2 + (Sea + cles + ezea)ts + (c] + Eea + ¢4)?
x18 = (Geg 4 ¢ + ca)td + (cles + ea + crea)ts + (cacy + clea + )t
+ (e + cies + ezeq)tt + (¢ + cles + cts
= xo(a8 + 2has 4+ 23212 + T16)
T90 = c1(3ey + crez 4 ca)ts + crca(ciea + crez + cg)td
+ c1(cie3 + 163 + creac + csea)ts
+e1(Bey + ez + e + cleq + Seaes + creseq + Ats

+ A (A + cre3 +cy)?

Proof of Theorem 1 (a) It is enough to show that the set {x9,xs, 212, 216,220} is a
system of parameters. Suppose zo =0, 5 =0, 120 =0, 16 =0, x99 = 0. It follows
that t5 =0, 3 =0, (c1e2 +¢3)? =0, (cf + ciea +ca)? =0, c}(cFea + cre3 + ea)? = 0,
and then t5 =0, c2 =0, cica+c3 =0, ¢} +c2ca+cq =0, c1(cea +c1e3 +c4) = 0.
Furthermore, we see t5 = 0, ¢cog = 0, cg = 0, c‘f 4+c4 =0, cieg = 0. If ¢ = 0, then
¢y = 0 from c‘ll 4+ ¢4 =0. And ¢4 = 0 implies that ¢; = 0 from c‘l1 + ¢4 = 0. We obtain
c1=cy=c3=cq4 =0, and hence t; =0 for i =1,...,5. This completes the proof the
part (a) of Theorem 1. |

Next we give the explicit expressions for the generators {y;} for the dual case H*(BT"; IE‘Q)W; .

The argument is similar to the part (a) of Theorem 1.

c1 =1t +ta+1t3+ 14

co = tity + t1tg + t1tq + tots + taty + L3ty
cg = t1totg + t1toty + t1t3ly + Lot3ty

cq = t1totsty

Yq 1= c% + co
Y6 1 = cC1C2 +C3
Yg i =c1c3+ ¢4
Y10+ = C1€4
The follwing set V is invariant under the action of W5 .

V = {t1+t2,t1—|—t3, t1+tg, to+13, totty, t3+ta, t1+ta+ts, t1+ta+ta, T1+E3+14, t2—|—t3—|—t4}

Consequently, each coefficient of the follwing polynomial f(X) is W5 —invariant. The
underlined elements are the generators mensioned in Theorem 1.

FX) =[] (X +v) = X0+ gaX® + e X7+ (ys +3) X0+ y20X® + (43 +98) X*
veV

+ (vive) X° + (y3ys + yavg + yeyr0) X* + (vivio +vg) X
+ Y3 + vg + yayeyio + Yays + vio



The follwing set U is also invariant under the action of Wi .

U:{tg,, t1 +15, to+ 15, 13415, ta 415, 1 +t2+ 15, t1 +13 415, t1 +ta+ 15, T2+ 13+ 15,
to+1g+1ts, t34+ts+15, t1 +lo+t3+15, t1 +lo+t4+15, t1 +13+ 14+ 15,
to+13+ts+ 15, t1 +t2+t3+t4+t5}

9(X) =[] (X +u) = X"+ (yi + ysvr0 +43) X* + (yiveyro + Y33 + vavio + v + Ysysyro) X*
uelU

+ (33 + yaysysyio + yeyio + yayd + ysydy) X2
+ (ygysyio + vayeyio + vio) X + ys2

ys2 = 50 + (Yey10 + Y3 + yi)ts + (Yayio + Yeysyio + Yiveyio + Yiva + vé)ts
+ (ysyio + Y3yo + yeysyayio + Yayio + vayd)tE + (o + yeyayio + vaysyio)ts
54 = Y32 + yi + Z/g?/%o + yg

Here c5 4 is the Dickson invariant. In general, we see the following: Fa[ti,t, - - - ,tn]GL(”’F2) =
Folenn—1;Cnn—2, -+ ,Cno] With d(cp;) = 2" — 20 [7, §16-5].

Cs4 =
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cra =20 H S S RIS i ot 1 H TSt S
bty 05+ 1] oty 85 + G5 85 + (T G 4145 + 414145 + 634347 5
+titatatits + 2 tat2ts 152038 132424345 11 t2 0345 4ty 5 ta el
it tatstits 2t tats 41T tI 3t 4ty t3tatats 13 totstytS +tytatityts
Ft ot tats +t3tatatyts +t1tatatats 1515 +tatats +t3t3tatS 4] t5th
+ 33 1 33 55 el st 8 ey 355
byt B + 67 S Eh S + b 85 by 1 b5 + T bt b €5+t 45 + 67 5 1 8
+ it S et eaes ettt 23 et p el sttt 251200 td
+ied et LSt et ta et e ed e 2S5 a5t td
St td et tata it i ea et el p 32t el el 22l V33l
F it tatits F i tatatats FtitStits St titd Lt t3 Sty ts +titatStats
i3 tats S tatitats 13t tatats F it tatyts HtatS ts 131515 11
+tT e a5 ts s et ts s+ es s+ i d e+ S e S et
12352ty totath t2 1335 tE 1525 2 + 133245 12 4 11315
Ftyitatatits +titatstS 2 eTtatS 2 1ttt F 35 it + ittt 12
St et ta ettt i a e L3 ei e el a g2 V3R
F it tatits F i tatat it F 25t tE F S ts it L s tS it 13RS 22
+irts i+ a i raaadd g S g E g g
B3R 2+ B2+ttt +tita S tat2 + S tdts 2 + B tathty 2
Ft S tatats + 1 tatatyt2 +t3tatS 12 1121512 25 eat 415t 1h ¢
i3t S eati e i 5 ththts + ttatatlts F i tatits ts +t] tat2th ts
F i tatatts i titatits FtitatStits 3 tatS tits Ft1tS ot ts + i tatitits
S sty ts 1S 3 tatits + 1133 ] s + ] a5t ts + 113 5 T s + £ o 13 ] ts
ittt + Bt tati s + 3 thtats + 13 tats + 3 3 thtats + $ 35 tats
Ft i3t tats + 1S tatatyts + 20 F 1515 Ftatath +tTtatat] Ftitats +titq 2t}
+1ie2 3G S ey S eSS el Sl a5t td
+titatats il estl S B 3 1St S tat] F 51515
R L R L R R L A A R AR A
+ 1515 1S ta e eatd + 30 4 1845 4 16

Finally, we show the action of some cohomology operations on the generators, [11, Ch.
10].

Proposition 1.1 (a) Sq*(zg) = 212, S¢*(z12) = 0, Sq*(w16) = w20 and S¢®(w12) =
T20 + TgT12.

(b) Sq*(ys) = ys, Sa*(ys) =0, S¢*(ys) = y10 and Sq*(ys) = yaye + Y10-

(c) Sq¢'(ys2) =0 for 1 <i < 14. Put a = yﬁ + Y6y10 + yg, then Sq'%(y32) = aysa,
Sq'%(ys2) = Sq*(ys2) = Sq*(ys2) = S¢*(ys2) = 0, S¢*(ys2) = Sq*(a)ysz,
Sq*(ys2) = Sq**(a)ys2, Sq* (y32) = Sq**(a)ys2 and S¢**(ys2) = y3,.

Proof We will show only Sq*(xg) = 212, since the rest of our proof can be very similar.

We note the following:



xy = th + cot? + (crca + ca)ts + &3
o @ 3) (4

T19 = CQté + cgtg + (ci’cz + 0%03 + clcg + c1eq4 + cocs)ts + (crea + 03)2
(2) (3) 4)

Recall the Wu formula :

Sq*(ea) = cica + cs,
Sq2(03) = CiC3,

Sq4(03) = c1C4 + C2C3

Each of the calculations for the corresponding parts is as follows:

. Sq*(t3) = S¢*(13) - S¢*(13) = 0
(2)
Sq*(catd) = Sq*(ca) - 13 + Sq*(c2) - S (£3) + c2 - Sq*(£3)
=c} -2+ (crea+c3) 0+co th
= cot§ + c3t3
(3)

Sq*((crea + e3)ts) = S¢*(cica + ¢3) - S (t5) + Sq(crea + ¢3) - 5
= (SqQCl o + 153 + Sq2(03))t5 + (Sq201 - S¢tes + clSq402 + Sq4(63))t5
= (C%CQ + c1(creg + ¢3) + cres)ts + (C%(01C2 +c3)+ clc% + c1eq4 + cac3)ts

= (SBea + Az + 13 + creq + cac3)ts

Sq*(3) = (Sq°c2)”
= (c1c2 + ¢3)?

This completes the proof.
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2 Invariant rings over the rational numbers
The representation of W(SU(3)) & X3 is generated by the 2 reflections

(1) = (5 1)

For PU(n), its Weyl group can be

W(PU(3)) = ¢sW(SU(n))d3"  for ¢3=(1 )

woln
wi— O

so that the corresponding matrices are
2 3 -1 -3
(%) = (0 7)
2 3
Let S(V) = Zt1,to] and W = W(PU(3)), and put s; = <_1 ) and sy =

-2
-1 -3
(4

a =3t —3tity +t3 and B = ta(3t] — t2) (3t — 2ta) = I3ty — Ot1t3 + 243,

(see [2, 3]).

then we see that
s1a = 3(2t1 - t2)2 - 3(2t1 — t2)(3t1 — 2t9) + (3t1 — 2t2)2 = q,

soa = 3(—t1)? —3(—t1)(=3t1 +t2) + (=3t1 +t2)? = , 518 = 8 and s33 = 3, and hence
a, B € S(V)V. By [11, Proposition 5.3.7], {a, 3} is a system of parameters since the
system of equations 3t7 — 3tito + t3 = 0 and 9t3ty — 9t1t3 + 2t3 = 0 has only trivial
solution ¢, =t2 = 0. By [11, Proposition 5.5.5], over the field Q, we obtain

V)V ©Q=Qlo, f]
since deg(a) deg(f8) =2-3 =6 = |W|. We have
SV 5 Za, b

N N
SWV"eQ = Qo8

We see, however, that
Qla, 8] N S(V)Y # Zav, B,
Here we claim that, if
P(t1,ta) = 9t$ — 2715ty + 90t 3 — 135655 4+ 90t3t5 — 271t + 3¢5,

then

P(t1,12) = 30+ 6° & Zfa. ]
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