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2

1

3

1 2

Weibull

1 2

A B

4

2

α, x x g(x) := xα−1e−x

:= α > 1

g(0) = 0 α = 1 g(0) = 1 α < 1 g(x)
x→0+0−−−−−→ ∞

α ∈ (−∞,∞) g(x)
x→∞−−−−→ 0

α ≥ 1 M g(x)

[0,M ]
∫M

0
xα−1e−xdx∫∞

0
xα−1e−xdx := limM→∞

∫M

0
xα−1e−xdx

1962 p.1 1980 pp.295–296 α < 1 0 < ε < M

ε g(x) [ε,M ]∫M

ε
xα−1e−xdx α > 0∫∞
0

xα−1e−xdx := limε→0,M→∞
∫M

ε
xα−1e−xdx 1962

p.1 1980 pp.295–296 α > 0∫∞
0

xα−1e−xdx α

Γ(α)

Γ(α) :=

∫ ∞

0

xα−1e−xdx, α > 0. (1)
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x ∈ (0,∞) xα−1e−x > 0 α > 0

α > 0

Γ(α) > 0

2.1

2.2

1

2.1

f∗ : (0,∞) → (−∞,∞)

α

α > 0

f∗(z|α) := 1

Γ(α)
zα−1e−z, z > 0. (2)

α, z > 0 zα−1e−z > 0 Γ(α) > 0

f∗(z|α) > 0∫∞
0

f∗(z|α)dz = 1 f∗

Z Z ∼ f∗ β

Z X := Zβ , β > 0 X

β α

0 < Z < ∞, β > 0 0 < X < ∞ X

F0 0 < x < ∞ x

F0(x) := P (X ≤ x) = P
(
Z ≤ x

1
β

)
=

∫ x
1
β

0

f∗(z|α)dz
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f0 F0

f0(x|α, β) = d

dx
F0(x) =

1

β
f∗(x

1
β |α)x 1

β−1.

0 < x < ∞ x X f0

0 < α, β < ∞

f0(x|α, β) = 1

βΓ(α)
x

α
β−1e−x

1
β
. (3)

γ := 1/β X := Zβ = Z1/γ f0

0 < α, γ < ∞

f0(x|α, γ) = γ

Γ(α)
xγα−1e−xγ

, 0 < x < ∞. (4)

(3) (4) f0

α

β γ

f0 (4)

γ = 1 ⇐⇒ β = 1

f0(x|α, 1) = f∗(x|α) = 1

Γ(α)
xα−1e−x, 0 < x < ∞. (5)

α = 1 Γ(1) = 1

f0 Weibull

f0(x|1, γ) = γxγ−1e−xγ

, 0 < x < ∞. (6)

α = γ = 1 f0

f0(x|1, 1) = e−x, 0 < x < ∞. (7)

2 α γ β

α γ β Weibull
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(4) X

E(X) =
Γ(α+ 1/γ)

Γ(α)
, V (X) =

Γ(α+ 2/γ)

Γ(α)
−

[
Γ(α+ 1/γ)

Γ(α)

]2
. (8)

k X k

E
(
Xk

)
=

∫ ∞

0

xkf0(x|α, γ)dx

=
Γ(α+ k/γ)

Γ(α)

∫ ∞

0

γ

Γ(α+ k/γ)
xγ(α+k/γ)−1e−xγ

dx =
Γ(α+ k/γ)

Γ(α)

(4)

f0(x|α+ k/γ, γ) =
γ

Γ(α+ k/γ)
xγ(α+k/γ)−1e−xγ

V (X) = E(X2)− [E(X)]2

(8) γ = 1

(5) Γ(α+ 1) = αΓ(α)

E(X) = α, V (X) = α. (9)

α = 1 Weibull (6) Γ(1) = 1

E(X) = Γ

(
1 +

1

γ

)
, V (X) = Γ

(
1 +

2

γ

)
−

[
Γ

(
1 +

1

γ

)]2
. (10)

2.2

(4)

X X ∼ f0
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μ σ Z 1 Y :=

μ+ σX, −∞ < μ < ∞, σ > 0 Y μ

σ

F y > μ y

F (y) := P (Y ≤ y) = P

(
X ≤ y − μ

σ

)
=

∫ y−μ
σ

0

f0(x|α, γ)dx

f F

f(y|α, γ, μ, σ) = d

dy
F (y) =

1

σ
f0

(
y − μ

σ

∣∣∣ α, γ) .

y > μ y Y f

f(y|α, γ, μ, σ) = γ

σΓ(α)

(
y − μ

σ

)γα−1

e−(
y−μ
σ )

γ

. (11)

μ σ 2

α γ μ ∈ (−∞,∞), σ, α, γ ∈ (0,∞).

μ = 0, σ = 1

(4) f(y|α, γ, 0, 1) = f0(y|α, γ), y > μ = 0.

2.1 (11)

2 α γ

Weibull

γ = 1 (11)

f (5)

y > μ

f(y|α, 1, μ, σ) = 1

σΓ(α)

(
y − μ

σ

)α−1

e−(
y−μ
σ ). (12)

n 0 < n < ∞ α = n/2, σ = 2, μ = 0

n 2 y > 0

f(y|n/2, 1, 0, 2) = 1

2n/2Γ(n/2)
y

n
2−1e−

y
2 .
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n 2

n

α = 1 f

Weibull (6) y > μ

f(y|1, γ, μ, σ) = γ

σ

(
y − μ

σ

)γ−1

e−(
y−μ
σ )

γ

. (13)

α = γ = 1

f (7) y > μ

f(y|1, 1, μ, σ) = 1

σ
e−

y−μ
σ . (14)

(11) Y

Y := μ+ σX, X ∼ f0 (8)

E(Y ) = μ+ σ
Γ(α+ 1/γ)

Γ(α)
, V (Y ) = σ2

{
Γ(α+ 2/γ)

Γ(α)
−

[
Γ(α+ 1/γ)

Γ(α)

]2}

γ = 1

(12)

E(Y ) = μ+ σα, V (Y ) = σ2α

α = 1 Weibull

(13)

E(Y ) = μ+ σΓ

(
1 +

1

γ

)
, V (Y ) = σ2

{
Γ

(
1 +

2

γ

)
−

[
Γ

(
1 +

1

γ

)]2}
.

3

(4)
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f0(x|α, γ), 0 < x < ∞ (11)

f(y|α, γ, μ, σ), μ < y < ∞

f0(x) := f0(x|α, γ), f(y) := f(y|α, γ, μ, σ)

f(y) =
1

σ
f0

(
y − μ

σ

)
.

1

f ′(y) =
1

σ2
f ′0

(
y − μ

σ

)

σ2 > 0

f ′(y) ≶ 0 ⇐⇒ f ′0

(
y − μ

σ

)
≶ 0.

f0(x) {(x, f0(x))|
x ∈ (0,∞)} x y = σx+ μ

f0(x) 1/σ

f(y) {(y, f(y))| y ∈ (μ,∞)}

(4)

f0 α γ

f

μ σ

3.1 3.2

3.1

(4) f0 1

f ′0(x) =
γ

Γ(α)
[(γα− 1)− γxγ ]xγα−2e−xγ

, x > 0.
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α, γ > 0 x > 0 γxγα−2e−xγ

/Γ(α) > 0

f ′0(x) ≶ 0 ⇐⇒ (γα− 1)− γxγ ≶ 0

γα − 1 ≤ 0 γα − 1 > 0

γα − 1 ≤ 0 ⇐⇒ γα ≤ 1 x ∈ (0,∞)

γxγ > 0 (γα− 1)− γxγ < 0

(γα− 1)− γxγ < 0 ⇐⇒ f ′0(x) < 0

γα ≤ 1 f0(x) x

γα < 1 γα = 1

2 γα < 1 x → 0

xγα−1 → ∞, xγα−2 → ∞, xγ → 0 x → ∞ xγα−1 →
0, xγα−2 → 0, xγ → ∞, xγ = o(ex

γ

)

f0(x)
x→0−−−→ ∞, f0(x)

x→∞−−−−→ 0,

f ′0(x)
x→0−−−→ −∞, f ′0(x)

x→∞−−−−→ 0.

γα = 1 f0(x)

1 f ′0(x)

f0(x) =
γ

Γ(α)
e−xγ

, f ′0(x) = − γ2

Γ(α)
xγ−1e−xγ

.

γ = 1/α, αΓ(α) = Γ(α+ 1)

f0(x)
x→0−−−→ 1

Γ(α+ 1)
, f0(x)

x→∞−−−−→ 0

γ < 1

f ′0(x)
x→0−−−→ −∞, f ′0(x)

x→∞−−−−→ 0
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γ = 1 Γ(1) = 1

f ′0(x)
x→0−−−→ −1, f ′0(x)

x→∞−−−−→ 0

γ > 1

f ′0(x)
x→0−−−→ 0, f ′0(x)

x→∞−−−−→ 0.

γα − 1 ≤ 0 f0(x)

x γα − 1 < 0 1

γα− 1 = 0 2 A

γα− 1 > 0 ⇐⇒ γα > 1

(γα− 1)− γxγ ≶ 0 ⇐⇒ x ≷
(
γα− 1

γ

) 1
γ

=: xm

f0(x) 0 < x < xm x

xm < x < ∞ x x = xm

x → 0 xγα−1 → 0

x → ∞ xγα−1 → ∞ xγα−1 = o(ex
γ

)

f0(x)
x→0−−−→ 0, f0(x)

x→∞−−−−→ 0.

1 f ′0(x) 1 < γα < 2

f ′0(x)
x→0−−−→ ∞, f ′0(x)

x→∞−−−−→ 0,

γα = 2

f ′0(x)
x→0−−−→ 2

Γ(α+ 1)
, f ′0(x)

x→∞−−−−→ 0,

γα > 2

f ′0(x)
x→0−−−→ 0, f ′0(x)

x→∞−−−−→ 0.
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γα− 1 > 0 f0(x)

3 A

f0

1 ( ). (4)

f0 {(x, f0(x| α, γ))| x ∈ (0,∞)}
α γ α, γ > 0

f0(x) := f(x| α, γ) B

1. γα ≤ 1

f0(x) x

x → ∞ f0(x) → 0

(a) γα < 1 1

x → 0 f0(x) → ∞
(b) γα = 1 2

x → 0 f0(x) → 1/Γ(α+ 1) 1

2. γα > 1 3 4

f0(x| α, γ) x = xm

xm =

(
γα− 1

γ

) 1
γ

.

x → 0 x → ∞
f0(x| α, γ) → 0 2

1x → 0 f0(x) 1/Γ(α+ 1) γ < 1 ⇐⇒
α > 1 f ′

0(x)
x→0−−−→ −∞ γ = 1 ⇐⇒ α = 1

f ′
0(x)

x→0−−−→ −1 γ > 1 ⇐⇒ α < 1 0 f ′
0(x)

x→0−−−→ 0
2

2x → 0 f0(x) 0 γα < 2

f ′
0(x)

x→0−−−→ ∞ γα = 2 f ′
0(x)

x→0−−−→ 2/Γ(α+1)

γα > 2 0 f ′
0(x)

x→0−−−→ 0 3 4
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2

(11) f

μ μ

f

0 < σ < τ (11)

f y ∈ (μ,∞)

f(y| α, γ, μ, σ) ≶ f(y| α, γ, μ, τ) ⇐⇒ f(y| α, γ, μ, σ)
f(y| α, γ, μ, τ) ≶ 1.

f(y| α, γ, μ, σ) ≶ f(y| α, γ, μ, τ) ⇐⇒ log
f(y| α, γ, μ, σ)
f(y| α, γ, μ, τ) ≶ 0

f(y| α, γ, μ, σ)
f(y| α, γ, μ, τ) =

( τ
σ

)γα

e−
τγ−σγ

σγτγ (y−μ)γ

log
f(y| α, γ, μ, σ)
f(y| α, γ, μ, τ) = γα(log τ − log σ)− τγ − σγ

σγτγ
(y − μ)γ ≶ 0.

⇐⇒ (y − μ)γ ≷ γασγτγ

τγ − σγ
(log τ − log σ).

γ > 0, y > μ, γασγτγ(log τ − log σ)/(τγ − σγ) > 0

log
f(y| α, γ, μ, σ)
f(y| α, γ, μ, τ) ≶ 0 ⇐⇒ y − μ ≷

[
γασγτγ

τγ − σγ
(log τ − log σ)

] 1
γ
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f(y| α, γ, μ, σ) ≶ f(y| α, γ, μ, τ) ⇐⇒ y ≷ μ+

[
γασγτγ

τγ − σγ
(log τ − log σ)

] 1
γ

.

(11)

f

2 ( ). (11)

f {(y, f(y|α, γ, μ, σ))|
y ∈ (μ,∞)} 4 α, γ, μ, σ

α, γ, σ ∈ (0,∞), μ ∈ (−∞,∞) B

1. 2 α γ f(y|α, γ, μ, σ)
f0(x|α, γ)

1 y = μ+ σx

1/σ

2. μ f(y|α, γ, μ, σ)
7 8 15

16 20

3. σ f(y|α, γ, μ, σ)
9 10 11 17 18

19 21 σ < τ 2

σ τ y μ + yστ

f(y| α, γ, μ, σ) > f(y| α, γ, μ, τ) f(y| α, γ, μ, σ) <
f(y| α, γ, μ, τ) y = μ + yστ f(y| α, γ, μ, σ) =

f(y| α, γ, μ, τ)

yστ :=

(
γασγτγ

τγ − σγ
log

τ

σ

) 1
γ

.
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3.2

(4) f0 γ = 1

(5) α = 1

(6) Weibull

α = 1/2

α = 2 γ = 1/2 γ = 2

22 23 24 25

B

3.2.1 γ = 1

(4) f0 γ = 1

(5)

1 1 γ = 1

f0

1

f ′0(x) =
1

Γ(α)
[(α− 1)− x]xα−2e−x

4 A

1 ( ). (5)

f0 {(x, f0(x| α, 1))| x ∈ (0,∞)}
α > 0 5

f0(x) := f0(x| α, 1) B

1. α ≤ 1

f0(x)

x → ∞ f0(x) → 0
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(a) α < 1

x → 0 f0(x) → ∞
(b) α = 1

x → 0 f0(x) → 1

2. α > 1

f0(x) x = xm

xm = α− 1.

x → 0 x → ∞
f0(x) → 0 3

α

xm = α− 1
α→∞−−−−→ ∞.

f0(xm) = (α− 1)α−1e−(α−1)/Γ(α)

(5) (9) α → ∞

E(X) = V (X) = α
α→∞−−−−→ ∞.

5 6 B

(12)

2 γ = 1

μ σ (12)

2

3x → 0 f0(x) 0 α < 2

f ′
0(x)

x→0−−−→ ∞ α = 2 f ′
0(x)

x→0−−−→ 1 α > 2

0 f ′
0(x)

x→0−−−→ 0 5 10 11
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7 8 20

σ < τ 2 σ τ y

μ+ yστ f(y| α, 1, μ, σ) > f(y| α, 1, μ, τ)
f(y| α, 1, μ, σ) < f(y| α, 1, μ, τ) y = μ + yστ

f(y| α, 1, μ, σ) = f(y| α, 1, μ, τ) 9 10 11 21

yστ :=
αστ

τ − σ
log

τ

σ
.

n 2 n 2

(12) α = n/2, σ = 2, μ = 0

1

2 2

12

3.2.2 α = 1 Weibull

(4) f0 α = 1

(6) Weibull

1 2 α = 1

f0 Weibull

1

f ′0(x) = γ[(γ − 1)− γxγ ]xγ−2e−xγ

5 A

2 ( Weibull ). (6) Weibull

f0 {(x, f0(x| 1, γ))| x ∈ (0,∞)}
γ > 0 13

f0(x) := f0(x| 1, γ) B
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1. γ ≤ 1

f0(x)

x → ∞ f0(x) → 0

(a) γ < 1

x → 0 f0(x) → ∞
(b) γ = 1

x → 0 f0(x) → 1 Weibull

2. γ > 1

f0(x) x = xm

xm =

(
γ − 1

γ

) 1
γ

.

x → 0 x → ∞
f0(x) → 0 4

γ 1

Johnson, Kotz and Balakrishnan 1994, p.630

xm =

(
1− 1

γ

) 1
γ γ→∞−−−−→ 1.

f0(xm) = γ(1− 1/γ)1−1/γe−(1−1/γ)

Weibull (6) Γ(1) = 1

(10) γ → ∞ 1 0

E(X) = Γ

(
1 +

1

γ

)
γ→∞−−−−→ Γ(1) = 1,

V (X) = Γ

(
1 +

2

γ

)
−

[
Γ

(
1 +

1

γ

)]2
γ→∞−−−−→ Γ(1)− [Γ(1)]2 = 0.

4x → 0 f0(x) 0 γ < 2

f ′
0(x)

x→0−−−→ ∞ γ = 2 f ′
0(x)

x→0−−−→ 2 γ > 2

0 f ′
0(x)

x→0−−−→ 0 13 18 19
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13 14 B

Weibull (13)

2 α = 1

μ σ (13)

2

15 16 20

σ < τ 2 σ τ

y μ+ yστ f(y| 1, γ, μ, σ) > f(y| 1, γ, μ, τ)
f(y| 1, γ, μ, σ) < f(y| 1, γ, μ, τ) y = μ+ yστ

f(y| 1, γ, μ, σ) = f(y| 1, γ, μ, τ) 17 18 19 21

yστ :=

(
γσγτγ

τγ − σγ
log

τ

σ

) 1
γ

.

4

(0,∞)

2 Weibull

1 2 1 2

1 2

2

1 Weibull

2

2
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A

(4)

f0(x| α, γ), x ∈ (0,∞) 2

α, γ > 0 f0 1

1 2

A.1

1: f0(x) γα < 1

x 0 · · · ∞
f ′0 −∞ − 0

f0 ∞ ↘ 0

2: f0(x) γα = 1

γ < 1 ⇐⇒ α > 1 γ = 1 ⇐⇒ α = 1

γ > 1 ⇐⇒ α < 1

x 0 · · · ∞
f ′0 −∞ − 0

f0 1/Γ(α+ 1) ↘ 0

x 0 · · · ∞
f ′0 −1 − 0

f0 1 ↘ 0

x 0 · · · ∞
f ′0 0 − 0

f0 1/Γ(α+ 1) ↘ 0

3: f0(x) γα > 1

x 0 · · · (α− 1/γ)1/γ · · · ∞
f ′0 ∗ + 0 − 0

f0 0 ↗ ↘ 0

∗ = ∞ γα < 2 2/Γ(α+ 1) γα = 2 0 γα > 2
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A.2

A.2.1 γ = 1

4: α < 1 α = 1

α > 1

x 0 · · · ∞
f ′0 −∞ − 0

f0 ∞ ↘ 0

x 0 · · · ∞
f ′0 −1 − 0

f0 1 ↘ 0

x 0 · · · α− 1 · · · ∞
f ′0 ∗ + 0 − 0

f0 0 ↗ ↘ 0

∗ = ∞ α < 2 1 α = 2 0 α > 2

A.2.2 α = 1 Weibull

5: Weibull γ < 1

γ = 1 γ > 1

x 0 · · · ∞
f ′0 −∞ − 0

f0 ∞ ↘ 0

x 0 · · · ∞
f ′0 −1 − 0

f0 1 ↘ 0

x 0 · · · (1− 1/γ)1/γ · · · ∞
f ′0 ∗ + 0 − 0

f0 0 ↗ ↘ 0

∗ = ∞ γ < 2 2 γ = 2 0 γ > 2
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B
Maple 6

B.1

(4) f0(x|α, γ)
x f0(x|α, γ)

0

0.5

1

1.5

2

2.5

0.5 1 1.5 2 2.5

1: αγ < 1 α = γ = 1/2

α = 1/2, γ = 1 α = 1/2, γ = 3/2

α = 1, γ = 1/2 α = 3/2, γ = 1/2

0

0.2

0.4

0.6

0.8

1

1.2

0.5 1 1.5 2 2.5 3

2: αγ = 1 α = 1/3, γ =

3 α = 1/2, γ = 2 α = γ = 1 α = 2, γ = 1/2

α = 3, γ = 1/3
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0

0.2
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