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Abstract

We consider the periodic homogenization problem for Hamilton-Jacobi
equation. We adapt the L-solution for the notion of weak solution. This
enable us to treat the upper semicontinuous functions as the initial func-
tions.

1 Introduction

Roughly speaking, the homogenization theory is the theory which tries to describe
the macroscopic phenomenon from the point of view as the limit of microscopic
phenomenon. The microscopic phenomenon may includes small periodic structure
or small random structure.

In this note, we will point out that the standard theory is still valid for an
extended viscosity solution.

First we give a short introduction to the theory of homogenization. Second,
we shall introduce the notion of so-called L-solution and point out that we can
follow the standard theory by using this extended solution.

2 What is the homogenization?

Let H(x,p) € C(R™ x R") be periodic with respect to @ (that is, it holds H(x +
ei,p) = H(x,p) for standard basis e;, ¢ = 1,...,n), and satisfy the following
coerciveness condition

H(z,p) — oo as |p| - o

uniformly with respect to € R™.
For ¢ > 0, we consider the Hamilton-Jacobi equations

801; +H (?, Dﬂf) =0 in (0,00) x R (1)

im0 = uo(x) € BUC(R). (2)
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Here, BUC(R"™) denotes the space of all bounded uniformly continuous functions
on R™ and Dyu = (g, ..,uy,) is the spatial gradient. We are interesting in
the behaviour to the limit as ¢ — 0 of the solution w®.

The following theorem is the first and the basic result due to Lions, Papani-

colaou and Varadhan [3].

Theorem 2.1 u® converges to some continuous function w, uniformly on [0,T]x

R™ (VT > 0) as ¢ — 0. Moreover, there exists H(p) € C(R"™) such that u is the
viscosily solution of the following Hamilton-Jacobi equation:

% + H(Dyu) =0  in(0,00) x R" (3)
Uli=o = uo(x) € BUC(R"). (4)

It is not obvious that how H is determined. We concern with the equation
H(y,p—I— Dyv) = >\

where p is the given parameter and A is the parameter to be fixed. The problem
in which we try to choose parameter A to have the solution v, is called the cell
problem.

The following result which is also due to Lions, Papanicolaou and Varadhan [3]
is the key theorem in the homogenization theory.

Theorem 2.2  For all p € R™ there exists the unique A € R such that the
equation
H(y,p+ Dyv) = A

has the viscosity solution v € BUC(R").
We denote this value X as

A= H(p)
emphasising that A depends on p. This H is called the effective Hamiltonian.

3 L-solution for Hamilton-Jacobi equations

The standard viscosity solution deals with continuous functions. However in
sorme case in control theory, it appears discontinuous value [unctions which should
be considered as viscosity solution to the associated Hamilton-Jacobi equations.
There are lot of notions of extended viscosity solutions. In this note we employ L-
solution which is introduced by Giga and Sato [1] and consider the homogenization
theory for discontinuous initial conditions.
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Let ug(x) be upper semicontinuous in R” (we denote ug € USC(R")).
Define a closed set

Ko={(z,z) e R" xR | 2 £ up(x)},

and let
Yo(x,z) = —min{dist((«, z), Ko), 1}.
The function g, which is defined from the distant function from the set Ko, is a
bounded uniformly continuous function on R™ x R.
Note that 1y is monotone decreasing with respect to z, and wug is the 0-level
set of the function g:

uo(z) = o(z,0)
= sup{y € R | vo(z,y) 2 0}.

The main idea of the L-solution is based on the level set approach.

Let us consider u(t, z) as a O-level set of some function (¢, z,z), and transfer
the equation with respect to ¢, and construct a viscosity solution associated with
this level set equation. The solution of the original equation would be recovered
by

u(t,x) =sup{z | ¥(t,x,z) 2 0}.

This idea is justified by Giga and Sato [1].

Let us find the level set equation associated with Hamilton-Jacobi equation

Ju
5 + Gz, Dyu) = 0.

Since we consider ¥ (¢, x,u(t,z)) = 0, we have

We put

p
—qG (%——) , ¢<0

F(y,§) = F(y,p,q) = q
Gooly, p), q=0

Gooly,p) = lIMAG (y, g)

(we assume the existence of the limit in the second equation), and consider the
equation
o

QZJ(O,JZ,Z) = ¢O(xaz)‘



It is verified that this equation is in the scope of the standard viscosity theory
of continuous functions, and

ult,x) = sup{= | b(t,e,2) 2 0)

is an extended viscosity solution for original equation. This u(¢, ) is called the
L-solution.

4 The main result

Now we return to our problem.
Hence we put

| —qH ,—13), 0
Py, &) = Fy,prg) = { (y q 7=

Hoo(y,p) = imAH (y, §>

(we assume the existence of the limit in the second equation), and consider the
equation

o® T .

b (Zener) =0

<

¢6(07 €L, Z) = ¢0($, Z)‘

We can apply the standard homogenization theory to this level set equation. We
can find the effective Hamiltonian F', and the uniform limit > of ¢»* which satisfies
[0 —
EYE F zy Wz ) — 0
()
77ZJ|7,‘:0 - 1/)0-

The cell problem for F' is

" <y, pL+ %) _ AMp1, 1)
q1 5]

for ¢; < 0. From this relation, it is easy to reduce that F(ps, q2) = F(p1,q1) when

(p1,q1) = a(p2,q2) (a > 0). Hence, we can verify from this property of F, that

there exists H such that

—( p
— —qH(——), qg<0
F(p,q) = q

H(p), q20
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and u(?,x) defined by
u(t,z) = sup{y € R | ¢(t,2,y) = 0}

satisfies (3) and (4) in the sense of L-solution.
As the conclusion, we have proved the following result.

Theorem 4.1 Assume that H satisfies the hypothesis of Theorem 2.1 and as-
sume that the limit Ho(y, p) = limyjo AH <y, §> cxists. Then their exists H(p) €
C(R™) andu € USC(R"™) such that u is the L-solution of (3) with initial condition

Uop.

Example 4.1 Let us consider the Hamiltonian H(x,p) = |p| — cos 272 which is
described in [2]. In this case, we have

Ip| + gcos2my, ¢ <0
pl, q20.

F(%%Q):{

Hence, as described in [2], we have

- {max{—q, P}, ¢<0

F(p,q) =
!, q=0.

The effective Hamiltonian for H is H(p) = max{l, [p|}.
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