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1. Introduction
There are some types of inequalities which are known as Bernstein’s Inequal-
ity. These ones of Q. Takenouchi and T. Nishishiraho [3] and Y. Youichirou
[4] are not best possible and one of A. Zigmund [5] is best possible. In
the present paper, we state the essence of a proof of Bernstein’s Inequality
which is due to A. Zigmund [5] for the case of trigonometric polynomials
with complex coefficients and using this result, we give the detail of the
argument of a polarization constant which is given briefly in S. Dineen [1].
2. Preparation
Let n be a positive integer and k positive integers which satisfy that 1 <
k < 2n. Then let @3, be defined as follows;

2k—-1 2k -1 2k +1
s T<t<

panll) = 2n ( 2n - - 2n )
We put
2k -1
Up =~ (k=1,2,...,2n).

This @2, (t) is a step function and each uy is a jumping point.

For a fixed k which satisfies that 1 < k < 2n -1,

J&™ cos ktdpan(t) + 1 [T sin ktdpan(t)

_ 2T ikt _2n _ikugT

= Jo €M dpan(t) = iy e T

T 2 k2 lyr  om ik E 1—ei2kT
= p e et = et = = 0.

Hence, if 1 <k <2n -1,

27 2m
/ cos ktdpa, (t) =0, / sin ktdps, (t) = 0.
0 0

Generally,
cos kt - cos {t = %{cos(k +0)t + cos(k — £)t}

sinkt - sin £t = %{cos(k — 0t — cos(k +£)t}



sin kt - cos {t = %{sin(k +0)t +sin(k — ¢)t.}
Therefore, if T'(t) is a polynomial of degree k(< 2n),
2m
/ T'(t)dpan (t) = 2may,
0

where ag is a constant term of T'(t) and polynomial means a trigonometric
polynomial.
Furthermore, if 1 <k <n -1, we get

2m 2m 2m
/ dpay, (t) = 2, / cos? ktdps, (t) = ™ and / sin? ktdpg, (t) = .
0 0 0
If'u,k:m;—;lw (k=1,2,...,2n),

1
cosnuy, = cos(k — §)ﬂ' =0 and

1
sin nuy, = sin(k — 5)71‘ = —coskm = (—1)**D),
2m 2n -
.2
sin® ntdpa, (t) = E — = 2.
/0 ! k=1

Then a sequence of the following functions
\/_ \/_cost, \/_smt . \/_cos(n—— 1)t, \/_sm(n 1)t, \/_smnt
is an orthonormal system on interval (0, 27) with respect to weight dys, (t).

It is easily seen the following

Lemma.
If we put
1 n—1 n—1
S(t) = 540 + Z a, cos vt + Z b, sin vt + 2b sinnt,
v=1 v=1
for any complex numbers a,, and b, , then
1 2T
ay = — S(t) cosvtdpan(t) (v=0,1,2,...,n—1),
0
1 2r
b, = - S(t) sinvtdes,(t) (v =1,2,...,n).
0

Ifil<v<n-1,

a, cosvx + b, sinve
27
0

= 1 S(t) cosv(t — x)dpan (t).

Since cosnuyg =0,

S(t)(cos vz cos vt + sin va sin vt)dpa, (t)

2m

S(t) 5 cos nt cos nxdpay, (t) = 0.
0
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Therefore,

S(z) -——2% 027r S(t){%—%zz;; cos v(t—x)+3§ sinnt sin nz+3% cos nt cos na }dpan (t)
=1/ T S(t){3 + 22;11 cosv(t — x) + 5 cosn(t — x) }dpan (t).

We notice the following

sm(n +
= +Zcosuv = —)— and

2sin 1 5V
1 N iy N sin nw
- COS VU + COS TV = —————.
2 & 2tan Jv
v=1
We put
Dit—=z) = $+> lcosu(t—w)—l—%cosn(t—n;)
sinn(t—x)
2tan 3 (t—=z) "

Dy (v) is called the modified Dirichlet kernel. By the way, a general poly-

nomial of degree n is of the form

T(x) = S(z)+ a,cosnx
= ancosnz + L [¥7S(t)D;(t — x)dpan(t).
Since fozﬂ cosntD} (t — x)dpan(t) =0,

T(x) = apcosnz+1 2n o S@)D;(t — x)dpan(t)
= @apcosnz + ~ f T(t) Dy (t — x)dpan(t).

2T
T'(z) = —na, sinnz + — / d — Dy (t — x)dpan(t).
dzx

d _ d sinn(t—z)
%D:l(t - :E) — dz 281’.:11',1I (t mfc)

n cosn(m t) sin n(x—t)
2tan lt " 4sin? %(.’v—t) '

T'0) = 3 ()(Qfﬁni Tt 1) dpan(t)
_ ( ) sin nuy
- (2sin Luy)?
_ 2n (=1)*+!
- (uk)(Zsm (2sin Lug)?

= Ek:l T (u) (= )k“ak,

= =T —3-
where af W(zs]n "Q‘Uk)z

Now we put 7'(z) = T(6 + ).

L0 +2)emo = T'(0) = T/(0) = 3 Plon) (~1) e



Hence )
T’(g) = ZT(Q —+—uk)(—1)k“ak (1)
k=1
Thus we get
2n
IT'(0)] < D | T(60 +w)-
k=1

Now we consider the next special case:
S(z) = sinnaz.

Then
S'(z) =ncosnz and S'(0) =n.

By above (1),

2n 2n
§'(0)=T"(0) = Y S(us) (=1 aw = Y o,
k=1 k=1

since S(ug) = (=1)¥*1. Hence 32", ay, = n.

If |T'(z)] < M, we obtain

IT'(0)] < M o < Mn.

k=1

Thus we get the following

Proposition 1 (Bernstein’s Inequality).

If a polynomial T'(z) of order n satisfies |T'(z)| < M for all z,
then |T"(z)| < Mn.

3. An application of Bernstein’s Inequality
Let C be the complex field and H a comlex Hilbert space. Let p: H" — C
be n-linear mapping and p(z) = p(z,z,---,x) the corresponding homoge-

neous polynomial of degree n. We put
By ={ze M| z|<1},

and

P("H) = {p;p is a homogeneous polynomial of degree n},
When p € P("H), we put

Il o ||=sup{|p(x)|;2 € By},

Il 13 ”: S”P{m(-’”la t 7$nr)|;$j S EH: (7 = 1a to 777')}3
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and
c(n,H) = inf{M;|| p||< M || p|| for any p € P("H)}.

This ¢(n, H) is called the n** polarization constant of the Hilbert space H
and ¢(E) := limsup,, ,., c¢(n, H)¥ is called the polarization constant of the
space H. It is clear that c(n, H) > 1, since || p ||<|| P |-
Now we put
1 if (z,y)=0
o={ @y
2o if (z,y) #0.

(=)

If 2,7 € By, then x cosf + ioysinf € By, since

|| © cos @ +ioysind ||
= (zcosf + ioysin b,z cos§ + ioysin 0)
< max{|| 2 |[%, | ¥ |1}

When we put

T, (0) = p(z cos  + ioysin 9)

=p(zcosf +ioysinb,- -, ,xcosf +ioysinb) for x,y € By,

T,.(0) is a trigonometric polynomial of degree n with complex coefficients.

xcosf +ioysind
92k+1

=232 Wezk +ioy Yo W
=z +ioyd + Y o, and*,
where ay, are some complex numbers.
To(0) = p(x +ioyd + 3,5, ar6*)
= (@ +ioyd + Y o a0, @ +ioyl + 345, ard”)
=Pz, @) +nlp(x, -, 3, i0y) + sy br0",
where b are some complex numbers.

T’VIL(O) = Tn(0)|0:0 = TLﬁ(.’E, e ,33,7:0':[/) = LO'nﬁ(ZL, e a$7yn),

d
do
where y, = .

By Bernstein’s Inequality,
|75(0)] < nmax |T,(0)| <nllpll.
Since |io| =1,
For a fixed y,, we put
pn—l(a:) = ﬁ(xa sy T yn)~

Then we can look upon p,_;(z) as homogeneous polynomial of degree n— 1

and



| Pr—1 |= sup{[pn—1(z,- -2, y) iz € Bu} <[ p|| -

Similarly we get
(@, @, Y1, Yn) | <[] Pr—1 || -
After all we get
(@, 25 yn-1,0) | <|[ 2| -

Hence || p ||<|| p || Thus we have the following
Proposition 2.
If H is a complex Hilbert space, then c(n,H) = 1.

Remark.
When 7}, (z) is a trigonometric polynomial of degree n with |T,,(z)| < M
for any @, the inequality

T (2)] < 2nM

is also called Bernstein’s Inequality. This is not best possible. However, in

this case, we don’t need Stieltjes integral for the proof, because

1 ™
T, (z) = ~5- T(z — t)2nsinntF, 1 (t)dt,
where
3 91\ st
— _ (¥
B = 3 - e

which is called Fejér kernel.
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