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!"#$%&'(Johnson, Kotz and Balakrishnan 1995, p.210) Leemis

and McQueston 2008, p.52*+,-./0123/4!"5/6789:

!";(/4!"<=4.(> 1?@ABC!"$B1-.D@EFG%<

8HIJKL23

KH(> 1?@/67ABC!"$GB1-@MG2/67<8HNOK

L9!"@PQRG%<8H(/67ABC!"$ST(UV. GB<W

X-YZ[\L23GB;(GB1<> 2?@/67ABC!"$ST(U

V.GB2<WX-@]^5IJ12<_`abc\NOKL9!"de2

$McDonald and Xu 1995-3ffd(GB2<;(ghij (0,∞)k.l

mKL2> 2?@ABC!"$ST(UV. B2<WX-.n`opqr@

:qs@!"det(B2<; F!"@/67de2$%&'(McDonald

1984) Libby and Novick 1982(Johnson, Kotz and Balakrishnan 1995,

p.248, p.325, p.348*+,-3GB1@uYvhij (0, 1)de2@.w8

H(GB2@uYghij (0,∞)de2f<.xy12<(D@]^5/

6789!"de2 GB@u;z{R.|r.}~��25�G�G2f

<Y!c23��(fL.��H(GB;(GB1< GB2��dG�(D

@�h<8H���!")Weibull!"*5IJ12��_!"#<G2

$McDonald and Xu 1995+,-38c8(D@P�<8H(GB@uY�

�@ GB1@u<;�G2f<.xy123

��;(!"@u<8H��@vhij5��89kd(> 1?@/6

7ABC!"$GB1-@MG2/675N�123��(McDonald and

Xu (1995) @/67ABC!"$GB-YGB1<GB2@]^5IJ12<

_`abc\N�KL9!"de2@.w8H(��.��HN�KL2

!";(!"@u5�l89��.GB15/6712!"de23��.

��H�_\L2/67@��;(� .!"5/6712<_`abc

\;¡¢R.�t£{d/¤¥Ye2<¦§L23��(��.�2/6

7@��;(vhijk.lmKL2¨y@©ª!".w8HU�«¬d

e23%&'(u5�l89��. B15/6712!"#<8H(GB1

@­.(Libby and Novick (1982) @/67ABC!"5Z[\L2$%&

'(Pham-Gia and Duong 1989) Johnson, Kotz and Balakrishnan 1995,
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pp.251–252, Nadarajah and Gupta 2004, pp.120–123!"#$%&'()

*+,(-./0123,4/56789(:;<=-.>+?@23,

4ABCDE3%

FG8&'(?@HI(JKDE3%LM8N 2O/PQ78RSTU

V/WXYZ3-.>(:;[/\Q789(]^<_`+a^23%I

/89(a^/b678N 3O/PQ78RSTU (0, 1)V/WXYZ3N

1c(def-.gB1$hN 1c(:;[def-.gGB1$+i+TU

(0, 1)/jWklmm/:;[23%9(noDpqZ3-.(rshtu

vw(xy/\Q7H9ZzZ{^A4{^ BD|}YZ3%~�/8N

4O/PQ78�^+��3%

2 !"#$%&'(&)*+,-./01

&OH8RSTUV/WXYZ3���(-./�k789(TU+�

�4k7jWklVD:;[23/�k78��2��^�49(]^<

_`/\Q7a^23%

���w(���H8N 1OD��l5�/8-.>+:;[23�(

~A:;<=)*DE3%�k8���/53-.(:;[+a^23�

/H89Z/53i(��/A��+�����E3%��8m < M =

3��(�wm4M /�k7RSTU (m,M)/�+�3���wX +

��3 8��(¡(�w γ > 0/�23 X (��� Xγ �¢/ X 4£

¤TU (m,M)/�+�3,4/=3(H8m = 0¥\M = 1(¦§/

SqZ3,4/��23%,(�8��(�w x/�k78x = xγ ⇐⇒
x(1− xγ−1) = 0 ⇐⇒ x = 0mlH x = 1DEK8¥\8���Xγ �¨

©ª«��DE3,4/��¬5%

FV(a^/5K8���/567-.+:;[23)*+RSTUV

(-./�k70123¦§8-.(i�:W/­lZ3(H (0, 1)V(

-.(®DE3,4�]¯YZ3%9(VD8��(RSTU/�k7W

XYZ3��(��-.(:;[+�°23¦§8I( 2�/��23%

N:/H8��(RSTUV(-.H8TU (0, 1)V(-.+±²�4
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!"#$%&'()*+,!"-./01$2345$6789:$)*

$;<=>3#$?@A$)*BCDEFGH$IGJ$%&'()*+

BKL"MN01,ODP2Q1RSTB>36789 (0, 1)BUVW1

EFGHBX!">3XHGJVYZ[1\,BKL"3]^BIGJV

_`[1abKcdeB;<fg)*+Vhi[1\,jklBg1,O

DP2Q1Rgm3EFGH$XHGJBnO">36789 (0, 1):$

;o)*BCDEFGHBX!"p$XHGJVqrs3tuBv789

(0,∞)BUVW1EFGHjwx03xn3#$)*>yH)*B;z[

1,OD{|B}~0s3)*$hiV��[1:BmO"��fB��

g��V�u[\,j��/0KDR

:�$ 2PBnO"3��$��2��B��[1R

2.1 !"#$%&'(&)*+,-./0'(1

m < M g145$|Hm,M BX!"36789 (m,M):B��/

01��A$)*V��1R\$�3\$)*BCDEFGHX BX[1

Z = (X −m)/(M −m)g1 1�GJBKL"6789 (0, 1)V�,[1E

FGHZjhi/03�B3\$ZBX[1 1�GJX = m+(M −m)Z

BKL"89 (m,M)V�,[1EFGHX V��[1\,j2�1R�

�36789:B��/0145$��)*>389 (0, 1):B��/0

1)*V?@A,!"3#$%&'()*+,!"-./01R\$PB

nO"3��2E�!"m R

6789 (m,M):B��/01¡(¢H f∗ BX!" X ∼ f∗ ,[1R
\\23|H µ ,£$|H σ BX!" X V 1 �GJ[1R��3Y :=

µ + σX, −∞ < µ < ∞, σ > 0,[1R\\23¤¥ :=>#$¦§V#

$¨§BKL"��[1\,V5©[1R\$�3EFGH Y $)*V µ

V%&ªH3σV'(ªH,[1 f∗$%&'()*+,ODR#$)*¢
H F >3#$��BKc3y > µ+ σmg1 yBX!"3�«,!"-/

01¬

F (y|µ, σ) := P (Y ≤ y) = P

(
X ≤ y − µ

σ

)
= F∗

(
y − µ

σ

)
.
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!"#P (Y ≤ y)$%&'( Y )*+,-*( y./01234567)

%&89"#F∗ $X ):;<(89=>?@A#

F∗

(
y − µ

σ

)
=

∫ y−µ
σ

0

f∗(x)dx

0BC=23#Y )DE<( f $ F )F<( dF (y|µ, σ)/dy3"AFGH
I2J

f(y|µ, σ) = 1

σ
f∗

(
y − µ

σ

)
, y ∈ (µ+ σm, µ+ σM). (1)

µ = 0, σ = 1)KL#%M0 f(y|0, 1) = f∗(y), y ∈ (m,M)8N2O30

BC=2>

HA#PQ#(1)R0S4A

µ+ σm = 0, µ+ σM = 1

3TU3#V)W,'X0YZ#

µ = − m

M −m
, σ =

1

M −m

8N2>[\#]^_` (m,M)0,8a2%&'(X ∼ f∗ ) 1b'c

Z := − m

M −m
+

1

M −m
X =

X −m

M −m

$]^_` (0, 1)0,8aZ#Md#Z )DE<(8 f0 3Tef#(1)R

0YZb)9+8N2J

f0(z) = (M −m)f∗ ((M −m)z +m) , z ∈ (0, 1). (2)

b0#g)KL8hi2>[\#]^_` (0, 1)8j3=2%&'( Z

0k"A#V) 1b'c

X := m+ (M −m)Z, m < M
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!"#$% (m,M)&'()*+,-+X ./012( f 3456+(1)7

&8*+Z ∼ f0 &9:;<7.=>(?@A

f(x|m,M −m) =
1

M −m
f0

(
x−m

M −m

)
, x ∈ (m,M). (3)

BC.DE&8*+"#$% (m,M)(F3G@/012 f∗ 3 X ∼ f∗
&9:;Hm < MI+J. 1<KL Z := (X −m)/(M −m)./012

! (2)7MNOPQ@ f03R*+S&+J. Z. 1<KLm+(M −m)Z

./012!+(3)7. f0 & (2)7(TUG@V3&8*+f∗ &WXG@
V3YZ,[\Q@A

f(x|m,M−m) =
1

M −m
×(M−m)f∗

(
(M −m)× x−m

M −m
+m

)
= f∗(x).

VQ&8*+"#$%C.]^._`ab!+$% (0, 1)C&NOPQ@

ab(cde3:;+J.f4g0abh3:;=>PQ@V3YZiP

Qjklm;+]^."#$%C.ab.nop!+J.cde.ab&

lqZrK2.sKL.f4g0abh&8m;?\Q@3tqV3Ya

,@k8m;+BuM!+v&w*.Rt#*+$% (0, 1)C&NOPQ@

ab(DE.9x&G@k

2.2 !"#$%&'(&)*+,-./012/0

"#$% (0, 1)&'()@ZrK2&9:;!+yz&sKL:;no

pG@{|8*}+92KL(~�G@V3&8m;S&no�Rabh

(��G@V3Y��&R@k

(0, 1)&'()@ZrK2 Z &9:;+Z .ab(nop:jab3!+

��.{|+�.�2 γ &9:; Z .sKL Zγ .ab.V3(tqkP

;+Z .92KL X := − logZ !�#$% (0,∞) &'()@ZrK2

M�*+,-+J.�2KL exp(−X) = Z !�� (0, 1)&'()@Zr

K2M�@V3&�^G@kVVM+�.�2 δ > 0&9:; X .sK

L Xδ &8@ab.nop(��@3+Xδ = (− logZ)δ }�j X 3�
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!"#$%& (0,∞) "'()*+,-./0*12345678.-9

Z∗ := exp(−Xδ) = exp(−(− logZ)δ): (0, 1)"'()*+,-.;<*1

=>5Z∗7?-9 Zγ
∗ = exp(−γXδ) = exp(−γ(− logZ)δ):5δ = 1;@

>AB" exp(−γX) = exp(γ logZ) = Zγ "CDE*1FG"HI5Z 7

JK<?-9 Zγ "L@45M.-9(NO@PP?-9(QR@> Zγ
∗ "

H34HISTU<VWXYZ[\G*F;YV]*1<^5Z 7JK<

?-9 Zγ ;:567M.-9− logZγ = −γ logZ (_`*;5Z 7M.

-9X = − logZ 7ab-9 γX "McE*F;YV]*1

de7fg"Ph45ij7kl"^h4mbn.(Rh4+o@4^

p167q5r$%& (0, 1)=>:#$%& (0,∞)d"st\G*mbn

.7uv(_`*w

DX :=

{
f

∣∣∣ f : X → (0,∞),

∫
X
f(x)dx = 1

}
, X = (0, 1), (0,∞).

2.2.1 !"#$%&'()*+,

f∗ ∈ DX ;@4xX = (0, 1), (0,∞)y5Z ∼ f∗ ;z7{. γ > 0 "

M@45X := Zγ 7VW( f∗ 7ST|\G>VW;h}1X 7mbn.

( f0 ;~�EG�567st"HI5f∗ ∈ DX <�� f0 ∈ DX /0*
xX = (0, 1), (0,∞)y1=>5mbn. f∗; f07&"[�E*n�:�7

H}"@4��G*1X 7VWn.( F0 ;~�EG�567st"HI5

x ∈ X "M@4
F0(x|γ) := P (X ≤ x) = P

(
Z ≤ x

1
γ

)
=: F∗

(
x

1
γ

)

;@4~\G*1�@5F∗ : Z 7VWn.(~E12345

F∗
(
x

1
γ

)
=

∫ x
1
γ

0

f∗(z)dz

"��E*;5X 7mbn. f0: F07�n. dF0(x|γ)/dx;@4�7H
}"��G*w

f0(x|γ) = 1

γ
x

1
γ −1f∗

(
x

1
γ

)
, x ∈ X , X = (0, 1), (0,∞). (4)
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δ := 1/γ !"#$%&'()*+X := Zγ = Z1/δ ,-./$ f0,012

3456"70 < δ <∞89
f0(x|δ) = δxδ−1f∗(xδ), x ∈ X , X = (0, 1), (0,∞). (5)

:;,<=>+(4)?@ABC (5)?DEFG6H-./$ f0'IJKL

MNCOP,MN f∗,QRS*TU6"V!W+X%&><YZQRSG
6HMNC+[$MN>\=KL%$,X%&><YZ]^G6"Weibull

MN>_`D+Weibulla>QRSG6HMN*bc>WeibullSG6HM

N*TU6"d*@e"7fgU+Johnson, Kotz and Balakrishnan 1995,

p.248h Nadarajah and Gupta 2004, p.118ijk8V

:l>WmZC+n>o5!mpq+rs>\YZ+QRSMN,-.

/$ f0 *AZC (5)?,12'sm"V!W+(5)?DEFG6"QRS

MN,-./$ f0C+δ = 1*AHtu+O,MN,-./$ f >vw)

"d*>xy)"9f0(x|1) = f∗(x).

2.2.2 !"#$%&"#$'()*+#$

z{C+|$%&*[$%&><YZ]^G6"MN>JmZ}~)"V

��+f ∈ D(0,1) * X ∼ f >|AZ+X ,�,|$%& Y := − logX

,-./$' g*1�)6U+g ∈ D(0,∞)De"Vd,�+-./$ f *

g,�>^�)"/�C�,<=>AZ456"VY ,MN/$' G*1

�)"*+GC+�,EF><q+�y,�,�$ y>|AZ�?*45

6"9

G(y) := P (Y ≤ y) = P
(
X ≥ e−y

)
= 1− F

(
e−y

)
.

�A+F CX ,MN/$'1)9

F
(
e−y

)
=

∫ e−y

0

f(x)dx.

<YZ+Y ,-./$ gC�,MN/$G,�/$ dG(y)/dy*AZ�,

<=>456"9

g(y) = e−yf
(
e−y

)
, y ∈ (0,∞). (6)
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!"#g ∈ D(0,∞) $ Y ∼ g "%&'#()*+,- X := e−Y )./

0+1 f $23456#f ∈ D(0,1) 789:;)<#./0+ g$ f )=

">?490@A!)BC"&'DE59:X )FG0+1 F $2349

$#F A#H)IJ"BK#LM) x ∈ (0, 1)"%&'!N$DE59O

F (x) := P (X ≤ x) = P (Y ≥ − log x) = 1−G(− log x).

P&#GA Y )FG0+124O

G(− log x) =

∫ − log x

0

g(y)dy.

BQ'#X )./0+ f AH)FG0+ F )R0+ dF (x)/dx$&'!)

BC"DE59O

f(x) =
1

x
g(− log x), x ∈ (0, 1). (7)

ST)UV"BK#X ∼ f ∈ D(0,1)"%&'#H)%+,- Y = − logX

)./0+A (6)N7IJW59 g ∈ D(0,∞)$XK#Y"#H) Y )*+

,- e−Y )./0+1 h$2349$#H5A#(7)N) g " (6)N1Z

[49;$"BK#f "\]49;$^_`W59O

h(x) =
1

x
elog xf

(
elog x

)
= f(x).

;5"BK#%+,-"BQ'a>W59FGb (6)N$A#H)*+,

-"BQ'c)FG"d9FGb"eXEXf;$^_`W5g:;)h

i"jkf'#%+,-"BQ'a>W59FGb (6)NA#c)FGb)

l"*+$fCm1n&'o659;$^pf:qr"&'#*+,-"

BQ'a>W59FGb (7)N$A#H)%+,-"BQ'c)FG"d9

FGb"eXEs#c)FGb)l"%+$fCm1n&'o659;$

^pf:H)tlXu$&'#%+vwFG1xy9;$^7zBC:H)

{|7#WeibullFG} FFG"~C_�,+)%+,-)FG"%&'#

*+WeibullFG}*+ FFG$Ao6s"#H5�5%+WeibullFG

}%+ FFG$o�u�89;$"�M49�u�6#Johnson, Kotz and
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Balakrishnan 1995, p.3, p.330! Rinne 2009, pp.131–133"#$%&'(

')*+,-./0)1,234.56)789:;<=>,?@ABC

:DEFGHIJK,HI&

2.2.3 !"#$%&#$'()*+,-./

f∗ ∈ D(0,1) K Z ∼ f∗ ,7'/)Z =LMN X := Zγ =OPQ80

(4)RSTU3VI f0 ∈ D(0,1) K4IWγ > 0%&JJS)X =78MN

Y := − logX =OPQ8E g0 KXYHVZ)g0 ∈ D(0,∞) S[6)(\)

(6)R= f K'/ (4)RSTU3VI f0 E]GHIJK,^6)_=X`

EaIb

g0(y|γ) = e−yf0
(
e−y|γ) = 1

γ
e−

y
γ f∗

(
e−

y
γ

)
. (8)

c=deS)f∗ ∈ D(0,1)KZ ∼ f∗,7'/)Z=78MNX := − logZ

=OPQ8E g∗ KXYHIK)g∗ ∈ D(0,∞) S[6)(\)cV0 (6)R

= f K'/ f∗E]G'Af=S[I&g,)X =hPMN Y := γX =O

PQ8E g0KXYHIKWγ > 0%)g ∈ D(0,∞)S[6)(\)(1)RE#

$HIJK,^6)_RK'/a3VIb

g0(y|γ) = 1

γ
g∗

(
y

γ

)
=

1

γ
e−

y
γ f∗

(
e−

y
γ

)
. (9)

(8)RK (9)REijHIJK,^6)k5lm (0, 1)n=;<,7'/

op,LMNE]GHIJKS;<EdqrHIJKK0)c=78MN

=;<=hP;<sEtUIJK,"'.K;(I&

un,7'/)v5lm (0,∞)n=;<,7'/LMNE]GHIJK

S;<EdqrHIJK0)k5lm (0, 1)n=;<,7'/wA4x8

EyzHIJK,4I&JV0)k5lm (0, 1)n={|=}~;<=d

qr,-./0)op,LMN'/dqrHI��^6f)78MNE�

�HIJK,^@/g,dq�4;<sE��S�IJKE|�HI&J

=�,\./)u�S��HI&
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f∗ ∈ D(0,1)! Z ∼ f∗"#$%&Z '#()*X := − logZ '+,-(

. g∗ !/012!&g∗ ∈ D(0,∞) 345&67&89: (6);' f !$%

f∗ .<=$>?'342@A"&8'B)* Y := X1/δ '+,-(. g0

!/012!&g0 ∈ D(0,∞) 345&67&(5);' f∗ " g∗ .<=$>?
'342C

g0(y|δ) = δyδ−1g∗(yδ) = δyδ−1e−yδ

f∗(e−yδ

). (10)

DD3&Y 'E()*Z∗ := e−Y '+,-(. f0!/012!&f0 ∈ D(0,1)

345&67&(7);' g" g0 .<=12D!"F5G;HIJ92C

f0(z|δ) = 1

z
g0(− log z|δ)

=
δ

z

(
log

1

z

)δ−1

e−(log 1
z )

δ

f∗
(
e−(log 1

z )
δ
)
. (11)

D9:&δ = 1'KL&M6" f∗ "NO12Cf0(z|1) = f∗(z). PQ&f0

:M6" f∗ 'RST"UV%W2@

3 !"#$%&'()

XY'Z'[( α, β > 0"#$%\]
∫ 1

0
xα−1(1− x)β−1dx:^_12

`abc&de 1962&p.12fgh 1980&pp.295–296ijk@D'\]. α

! β '-(!lm$>?'.nop-(!WW&B(α, β)q!/012C

B(α, β) :=

∫ 1

0

xα−1(1− x)β−1dx, α, β > 0. (12)

XY'Z'[( α, β > 0! (0, 1)rst'XY'[( x ∈ (0, 1)"#$%&

xα−1(1−x)β−1 > 0342'3&\]'uv"F5&nop-(:w"Zx

.y2D!H]62@PQ&XY' α, β > 0"#$%B(α, β) > 0342@

z 1{'nop]|`B1k!:&nop-(.Z}T~(!$%+,-

(.��$>M�]|342@7�5&G' (13);!$%rs (0, 1)�"

11
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!"#$%&' f∗()*&'+,-./012 B13425+67801

9:+;B1<=>?3425+=>67801@ABC$%9α, β > 0@D

f∗(z|α, β) = 1

B(α, β)
zα−1(1− z)β−1, 0 < z < 1. (13)

EF;α, β > 0A B(α, β) > 0+GHI%A;JH< z ∈ (0, 1)+KLM;

zα−1(1 − z)β−1 > 0NO%<N f∗(z|α, β) > 0(P%Q34;678&'

<!"+GHI%A;
∫ 1

0
f∗(z|α, β)dz = 1(P%QRSM;&' f∗2;T

UVWAXYZ[\(]4I<N;.^+)*&'NO%Q

_`;(13) aN!"#$%)*&' f∗ A./b' Z ∼ f∗ +KLM;
m < M ALM Z < 1cbd X := m + (M −m)Z <)*&' f 2;(3)

a< f0 ALM f∗ (ef+I%gA+Rh;m < x < M _%E' x+K

LM;caNijk$%90 < α, β <∞@D

f(x|α, β,m,M) =
1

B(α, β)

(x−m)α−1(M − x)β−1

(M −m)α+β−1
.

g< f ()*&'+,-012;m(lmn';(M −m)(o*n'AI

%=>678019B1<=>?@<lmo*01pNOh;5+6780

19B1@AqBC$%Q

3.1 !"#$%&'()*

rsN2;tbd+R%678019B1@<uvw_xyZ9GB1@<

z_%xy(P%{<>|ALM;xyZ}'67801(~�I%Qx

yZ}'678012;B1+��./b'<K'bd+RSM}'678

01(P4�N;�$+��./b'<tbd+RSMPk$%QxyZ

}'67801<�-^<W�+-�M2;�� A+`�M��I%Q

#M;(13)aN!"#$%=>678019B1@<)*&' f∗AZ ∼ f∗
+KLM;Z <U<K'bd�+tbd(�L4 V := (− logZ)1/δ <)*

&'( g0 Am�A90 < δ <∞@;(10)a+Rhca(P%D

g0(v|α, β, δ) = δ

B(α, β)
vδ−1e−αvδ

(
1− e−vδ

)β−1

, 0 < v <∞. (14)
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(14)!"#$%&'()*+ g0,-./012,3456+78912:

;<=>?@"AB;<3456+78912CDEEBFG:HIBJ

:K)12L,MN3456+78912DOPQJ:()*+, gDR

STBU!VWX&YZ

g(v|α, β, δ, σ) = δ

σB(α, β)

( v

σ

)δ−1

exp

[
−α

( v

σ

)δ
]{

1− exp

[
−

( v

σ

)δ
]}β−1

(15)

[["BK)\+ σ ,]^D_Y\+A`abc"dY[DNef_YZ

α, β, δ, σ ∈ (0,∞). σ = 1:HIB3456+78912:()*+ (15)

!AB/XN;<3456+78912:()*+ (14) !Ngh_YZ

g(v|α, β, δ, 1) = g0(v|α, β, δ), v > 0. ?iB3456+78912:()

*+:Wjkl:mnN.EaABopTBqr>2019C,st%&'EQ

%aB3456+78912:()*+ (15)!ABδ = 1:HIB6+

78912:()*+

g(v|α, β, 1, σ) = 1

σB(α, β)
e−

αv
σ

(
1− e−

v
σ

)β−1
(16)

DuvBwNBα = β = 1:HIB6+12:()*+Ngh_YZ

g(v|1, 1, 1, σ) = 1

σ
e−

v
σ .

x'B6+78912:()*+ (16)!ABσ = 1:HIBJ:;<=>;

<6+78912C:()*+DuYZ

g(v|α, β, 1, 1) = 1

B(α, β)
e−αv(1− e−v)β−1. (17)

[&AB(13)!"#$%&Y;<78912>B1C:()*+ f∗Nyza
(6)!,{|z'}~"�dY[DNef_YZg(v|α, β, 1, 1) = e−vf∗(e−v).

u�B;<6+78912:()*+ (17)!:��AB\+: β N��

zBβ ≤ 1:HINAM���=Bβ > 1:HINAM�=DuY>qr

2019CQx'B()*+ (17)!:��N��_\+ α:��N.EaAB

�� A"��_YQ
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3.2 !"#$%&'()

(14)!"#$%&'()*+,-./01234567. g0 8 V ∼ g0

9:;<=V 4>4-.?@X := e−V 4AB23CDEF'GV 4HI

JKLM (0,∞)"N'O89PQF'8=X 4HRSKLM (0, 1)"N'

O8I2T'GOO"=X 4567.C f08UVF'8=(14)!"#$%

&'()*+,-./01234567. g09:;< (7)!CWXF'O

89YZ=[!I\]&'^

f0(x|α, β, δ) = 1

x
g0(− log x|α, β, δ), x ∈ (0, 1).

_`<=x ∈ (0, 1)9:;<=X4567. f0R[!8a'bα, β, δ > 0ĉ

f0(x|α, β, δ) = δ

xB(α, β)

(
log

1

x

)δ−1

e−α(log 1
x )

δ [
1− e−(log

1
x )

δ]β−1

.

(18)

O&R=(11)!4 f∗8;< (13)!"#$%&'()/0123bB1c4

567. f∗ CWX;def"gN'O89PQF'G
(18)!"#$%&'567. f0R=δ = 14hi=(13)!"#$%&'

B14567. f∗ 9jkF'O8IAl%&'^

f0(x|α, β, 1) = 1

B(α, β)
xα−1(1− x)β−1 = f∗(x|α, β).

Y`<=(18)!"#$%&'567. f0CmnAB23R=(13)!"#$

%&'()/0123bB1c4*n4*+,9a`<o'O8I2T'G

O4AB23R=p 2q"rs;d23t4uvwx9_y8=:.*

+,-./01234()zb():.*+,-./0123c8{|&

'O89a'G};=~�"R=()/0123bB1c4�?@9Y'�

��a*+,"N' GB19:;<=B14�a'*+,9a`<o'8o

y��T] AGB18�VF'O89F'G
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3.3 !"#$%&'()*+,!"#

(18)!"#$%&'()*+,-./+012345AGB16789:

+ f0 ;*<= X ∼ f0 >?'@AA"BC7D+ γ ;*<= X 7EFG

Y := X1/γ 7HI34JKL?'@Y 789:+J f >MN?'>Bf OB

(5)!7 f∗ ><= f0 JPQ?'A>;RS=KT&'U

f(y|α, β, δ, γ) = γyγ−1f0(y
γ |α, β, δ).

VS=By ∈ (0, 1) W' y ;*<=BY 789:+ f OX!>YZ&'

50 < α, β, δ, γ <∞6U

f(y|α, β, δ, γ) = δγδ

yB(α, β)

(
log

1

y

)δ−1

e−αγδ(log 1
y )δ

[
1− e−γδ(log 1

y )δ
]β−1

.

(19)

(19)!"#$%&'89:+ f OBγ = 17[\B(18)!"#$%&'

()*+,-./+012345AGB16789:+ f0;]^?'A>;

_`?'Uf(y|α, β, δ, 1) = f0(y|α, β, δ). abBδ = 17[\B

f(y|α, β, 1, γ) = γ

yB(α, β)
eαγ log y

[
1− eγ log y

]β−1

=
γ

B(α, β)
yαγ−1 (1− yγ)

β−1

JY'@A&Oc 1d7,-.012345GB167()e789:+;

fWZWg5McDonald 1984hNadarajah and Gupta 2004, p.118ij6@

klBA&OB(13)!"#$%&'()012345B16789:+ f∗>
Z ∼ f∗ ;*<=BZ 7EFG Z1/γ 789:+"m'@

no7pq;RS=BX7rsJY'U

-. 1 (t#%&buvo;wx',-.012347,-.). (19)!"

#$%&'89:+ f OBδ = 17[\Bc 1d7,-.012345GB16

789:+;]^?'50 < y < 16U

f(y|α, β, 1, γ) = γ

B(α, β)
yαγ−1 (1− yγ)

β−1
. (20)
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!"#γ = 1$%&#'()*+$,-./0123.45/0165'(

)*+7AGB18$9:;5 (18)<=>?@.70 < y < 18A

f(y|α, β, δ, 1) = δ

yB(α, β)

(
log

1

y

)δ−1

e−α(log 1
y )

δ [
1− e−(log

1
y )

δ]β−1

.

B=#δ = γ = 1$%&#'()*+7C 1D$'()*+ B18$9:;

5 (13)<=>?@.70 < y < 18A

f(y|α, β, 1, 1) = 1

B(α, β)
yα−1(1− y)β−1.

(19)<2EFGH.9:;5 f IJKLM*+N#C 2O2PQR"*

+S$TUVW=XYZ#/0145/0165'()*+$[\]7[

\/0145/0165'()*+8Z^_H.`Z=-.ab$/c2#

`$*+N#Td 12e"fY=#C 1D$/01'()*+7GB18$

B-./01=g-hij.a`$kl=mnji#op2N`$*+I

GGB1Zqr@.`Z=@.a

Gi#(19)<2EFGH"9:;5 f N/01'()*+$B-./0

17GGB1823s#b$tuvNwQ B=xyGH.az=#b$z{

-%&ZRi#C 1D$/01'()*+7GB1#δ = 1$%&8$9:

;5$tuvNwQ B.1#'()*+$,-./017AGB1#γ = 1$%

&8$9:;5$tuvNwQ B.2#bRi#/0$%&7GGB1#δ �= 1

|K γ �= 1$%&8$9:;5$tuvNwQ B.3=xyGH.a-}#

~�$'()*+7B1#δ = γ = 1$%&8$9:;5Nx 1=yGH.a

4 !"

�����$*+I/01@.�=N#b$*+=XYLM�5=4R

i���I��=��@.fsg#45��I��RKK���I��@

.`Z=fhi#B=/0�-*+SI��@.`Z���=-.a��

���$C 1D$'()*+7B18=4Ri#��=���IRi��H

"*+�C 1D$/01'()*+7GB1#McDonald 1984823.ab
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!"#$%&'()&#*+,-./0123"45%&6789-:;

3$%<=013>?@A8B&GB1-CDEFG3$%HI014JK

LME67NOGGB1&(19)PQ-RS$TOUV 1WXQY

!"#$
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x 62yx 1z2{&pp.51–76.
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A !"#$%&'()*+,-.+/0

!"#$%(15)&'()*+,-./0123456789:;<= 3

>7?@A,B

CD%E7FGH2019I'0J*+KLM7%McDonald and Xu (1995)

7LN:OP*+KQ 1R=01-./23456H;<%ST7 EGB1

UVWIU$%(16)&'()*+,01234567XYZD%[=\]U

^:%(15)&'()*+,-./0123456$%EGB1_`aYbc

U^:deA,Lf-.gY56h'i,jU7?@A,BYk%Q 2l

'mn^K56h=opqr7sMU%EGB1$%23456HB1I7t

^:uvwH-./23456GB1I=x7t1vwH01-./234
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!" EGB1#$%&'()*+,-./0123456)7829:;<

=>?@A!" (15)BC41>DEF=>?@A!"#/G0HDEF:

;<=>?@A!"#$%&'()*+,-.'(I!J.K

!" 2 (:;<=>?@A!"(=>:;<?@A!"). (15)B)LM,

-.:;<=>?@A!"/NOP> gC4δ = 1/QR4(16)B4ST4

=>?@A!"/NOP>0UV&.Fσ, α, β > 0#W

g(v|α, β, 1, σ) = 1

σB(α, β)
e−

αv
σ

(
1− e−

v
σ

)β−1
, v ∈ (0,∞).

=>?@A!"/NOP> (16)B(C4McDonald and Xu (1995) /X 1

Y/=>:;<?@A!"FEGB1#/NOP>0Z[\[]K

^04=>?@A!" (16)B(:;<=>?@A!" (15)BC4_/

*+/`aCb[.c//4_-d- Nadarajah and Kotz (2006) 0ef

3gh,-9?@A=>!"(?@AWeibull!"(5ij0kl!")

m.'(0no&.Fpq 2019 rs#K[t4?@A=>!"u?@A

Weibull!"/*+/`a(C^/ev)m.Kwxy!z{[!"P>

F : R → [0, 1]01234(13)B)LM,-.|}?@A!"/NOP>

f∗ $~]3�9[!"P> G : R→ [0, 1],

G(x) :=

∫ F (x)

0

f∗(z)dz

$*+&.'(I)�4'/ev023*+,-.!"C?@A F !"(

]v�)��-.FEugene, Lee and Famoye 20024Nadarajah and Gupta

2004, p.146, Alexander, Cordeiro, Ortega and Sarabia 2012�rs#K�

~,-.!"P> F I=>!"/c/)m-�?@A=>!"I�\-4

Weibull !"/c/)m-�?@AWeibull !"I�\-.FNadarajah

and Kotz 2006#K

�G04:;<=>?@A!"/��[QR)m.=>?@A!"/�

>(NOP>/��/P�0�]34pqF2019#)��,-3][]�

0�]378$��.K(14)B)LM,-9|}:;<=>?@A!"/
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!"#$ g0%&δ = 1'()&(17)*&+,&-./$01234'!"

#$

g0(v|α, β, 1) = 1

B(α, β)
e−αv

(
1− e−v

)β−1
, v ∈ (0,∞)

56789:α, β > 0;<='>?%@$' β5ABC&β ≤ 1'()5%

DEFGH&β > 1'()5%DIHJK9:LM 2019;<NO&@$'

αJ!"#$'>?'#P5QRS%TU'VWXY9<

!" 3 (/$01234'>?). (17)*XZ[\]9-./$01234'

!"#$g(v|α, β, 1, 1) = g0(v|α, β, 1)5QRS&='^_`{(v, g0(v|α, β, 1))|
v ∈ (0,∞)}'>?%&ab'@$ αcdefK9J&='ghcifKW&

jhckfK9<lC&TUX% g∗(x|α, β) := g0(x|α, β, 1)Jmn89<
oWap5mq89J&α1 < α2 K9ab α1 J α2 5rCS&vcsZ

'ab v12 oWt\R()5% g∗(v| α1, β) < g∗(v| α2, β)&deR()5

% g∗(v| α1, β) > g∗(v| α2, β)XYW&v = v12 '()5% g∗(v| α1, β) =

g∗(v| α2, β)XY9u

v12 :=
1

α2 − α1
log

B(α1, β)

B(α2, β)
> 0.

#$. -./$01234'!"#$

g∗(v|α, β) = 1

B(α, β)
e−αv

(
1− e−v

)β−1
, v ∈ (0,∞)

5oW&012#$ B 'abv5wx89J&0 < α1 < α2 5rCSy'

zb#P{|9u

g∗(v|α1, β)

g∗(v|α2, β)
=

B(α2, β)

B(α1, β)
e(α2−α1)v ≶ 1

⇐⇒ v ≶ 1

α2 − α1
log

B(α1, β)

B(α2, β)
.

}}X&012#$ B(α, β)c α5#CSDEFGXY9}J5wx89

J&B(α1, β)/B(α2, β) > 15oW&log[B(α1, β)/B(α2, β)] > 0{|S&~
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!" α1 < α2 #$%& v12 '()#*+,-./

v12 :=
1

α2 − α1
log

B(α1, β)

B(α2, β)
> 0.

B !"#$%&'(

012'3(19)4,5678.9:;$<9:;=<>?@ABCGGB1D

"EFG< f "HIJ {(x, f(x|α, β, δ, γ))| x ∈ (0, 1)}#KL&3*+M
< α, β, δ, γ"+NOP#Q;7RSTU3VWN x3XWN f(x|α, β, δ, γ)
Y%&Z[\.]S^3012,_[\.Z'`&Maple 6#a.b",

-.]

(19) 4,5678. GGB1 "EFG< f '3δ = 1 "cd3e 1 f

"9:;>?@ABCGB1D"EFG< (20)4#gh%3γ = 1"cd3

(18)4,5678. GB1Y'iS.>?@AB"9:; AGB1"EFG

< f0 #gh\.]j8k8"HIJ {(x, f(x|α, β, 1, γ))| x ∈ (0, 1)} Y
{(x, f(x|α, β, δ, 1))| x ∈ (0, 1)}'j8k812 B.1Y12 B.2,_[78

.]lm39:" δ �= 1)K γ �= 1"cd3Kln39:" GGB1"EF

G< f "HIJ {(x, f(x|α, β, δ, γ))| x ∈ (0, 1)}'12 B.3,_[78.

Co 1pqD]

o 1: GGB1"EFG< (19)4"HIJC12 B.3D

δ\γ 1/2 3/2 2 3

1/2 Z 12 Z 13 Z 14 Z 15

3/2 Z 16 Z 17 Z 18 Z 19

2 Z 20 Z 21 Z 22 Z 23

3 Z 24 Z 25 Z 26 Z 27

∗ δ/AGB1(18)4"M<3γ/GB1(20)4"M<]
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!"#γ = 1$% δ = 1&'(#GGB1&)*+, f -#(13)./01

23456789:B1;&)*+, f∗ "<=>#?&@A-BCD 5E

F"8E234GHI#B1&)*+,&@A-#α = β = 1&'("J

K89#α > 1$% β > 1&'("LMF#α < 1$% β < 1&'("

UNF#α �= β ">O α ≥ 1$% β ≤ 1&'("LPQRF#α �= β "

>O α ≤ 1$% β ≥ 1&'("LPSTFUV4:WX 2018YZ;G?

&[\] {(x, f(x|α, β, 1, 1))| x ∈ (0, 1)} ^_`>a&bc 1 /d4GV

e#WX:2018;/fgh23Oi4jk"#lmnWikipedia- B1&

o,U)*&@A&+p"%iOqr$%stu"vwx4b#?&8E

&yz-WX:2018;U{V4G|}#lmnWikipedia/-#~�V'

(:α = β;U�~�V'(:α �= β;"8E>a�/#~�V'(^ 3%

&'(:α = β < 1&'(U α = β = 1&'(#α = β > 1&'(;"r

8E>#?>O#�~�V'(^ 6%&'(:α < 1$% β < 1&'(U

α > 1$% β > 1&'(#α < 1$% β ≥ 1&'(#α ≥ 1$% β < 1&

'(#α = 1$% β > 1&'(#α > 1$% β = 1&'(;"r8E>O

vwx4:Wikipedia “Beta disitribution”, last edited on 26 July 2019Y

Z#URL: https://en.wikipedia.org/wiki/Beta distribution#Shapes;G
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c 1: )*+, f &[\]:δ = γ = 1&'(#56789B1;�α = β = 1

:�|�#JK89;#α = β = 1/2:�z�;#α = β = 2:|�;#

α = 1/2, β = 2:z�;#α = 2, β = 1/2:r|�;
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B.1 δ = 1!"#$%&'()*+,-GB1.

0
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! 2: "#$% f &'()*γ = 1/2 &+,-.α = β = 1*/01-2

α = β = 1/2*/31-2α = β = 2*01-2α = 1/2, β = 2*31-2

α = 2, β = 1/2*401-

0
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0.2 0.4 0.6 0.8 1

! 3: "#$% f &'()*γ = 3/2 &+,-.α = β = 1*/01-2

α = β = 1/2*/31-2α = β = 2*01-2α = 1/2, β = 2*31-2

α = 2, β = 1/2*401-
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! 4: "#$% f &'()*γ = 2 &+,-.α = β = 1*/01-2

α = β = 1/2*/31-2α = β = 2*01-2α = 1/2, β = 2*31-2

α = 2, β = 1/2*401-

0

1

2

3

4

5
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! 5: "#$% f &'()*γ = 3 &+,-.α = β = 1*/01-2

α = β = 1/2*/31-2α = β = 2*01-2α = 1/2, β = 2*31-2

α = 2, β = 1/2*401-
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! 6: "#$% f &'()*γ = 5 &+,-.α = β = 1*/01-2

α = β = 1/2*/31-2α = β = 2*01-2α = 1/2, β = 2*31-2

α = 2, β = 1/2*401-

B.2 γ = 1!"#$%&'()!*+,-./0AGB11

0
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! 7: "#$% f &'()*δ = 1/2 &+,-.α = β = 1*/01-2

α = β = 1/2*/31-2α = β = 2*01-2α = 1/2, β = 2*31-2

α = 2, β = 1/2*401-
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! 8: "#$% f &'()*δ = 3/2 &+,-.α = β = 1*/01-2

α = β = 1/2*/31-2α = β = 2*01-2α = 1/2, β = 2*31-2

α = 2, β = 1/2*401-
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! 9: "#$% f &'()*δ = 2 &+,-.α = β = 1*/01-2

α = β = 1/2*/31-2α = β = 2*01-2α = 1/2, β = 2*31-2

α = 2, β = 1/2*401-
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! 10: "#$% f &'()*δ = 3 &+,-.α = β = 1*/01-2

α = β = 1/2*/31-2α = β = 2*01-2α = 1/2, β = 2*31-2

α = 2, β = 1/2*401-
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! 11: "#$% f &'()*δ = 5 &+,-.α = β = 1*/01-2

α = β = 1/2*/31-2α = β = 2*01-2α = 1/2, β = 2*31-2

α = 2, β = 1/2*401-

27
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B.3 δ �= 1!" γ �= 1#$%&'()*+,-.#
/01'()2GGB13

B.3.1 δ = 1/2#$%
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! 12: "#$% f &'()*γ = 1/2 &+,-.α = β = 1*/01-2

α = β = 1/2*/31-2α = β = 2*01-2α = 1/2, β = 2*31-2

α = 2, β = 1/2*401-
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! 13: "#$% f &'()*γ = 3/2 &+,-.α = β = 1*/01-2

α = β = 1/2*/31-2α = β = 2*01-2α = 1/2, β = 2*31-2

α = 2, β = 1/2*401-
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! 14: "#$% f &'()*γ = 2 &+,-.α = β = 1*/01-2

α = β = 1/2*/31-2α = β = 2*01-2α = 1/2, β = 2*31-2

α = 2, β = 1/2*401-
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! 15: "#$% f &'()*γ = 3 &+,-.α = β = 1*/01-2

α = β = 1/2*/31-2α = β = 2*01-2α = 1/2, β = 2*31-2

α = 2, β = 1/2*401-

29
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B.3.2 δ = 3/2!"#
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! 16: "#$% f &'()*γ = 1/2 &+,-.α = β = 1*/01-2

α = β = 1/2*/31-2α = β = 2*01-2α = 1/2, β = 2*31-2

α = 2, β = 1/2*401-
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! 17: "#$% f &'()*γ = 3/2 &+,-.α = β = 1*/01-2

α = β = 1/2*/31-2α = β = 2*01-2α = 1/2, β = 2*31-2

α = 2, β = 1/2*401-
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! 18: "#$% f &'()*γ = 2 &+,-.α = β = 1*/01-2

α = β = 1/2*/31-2α = β = 2*01-2α = 1/2, β = 2*31-2

α = 2, β = 1/2*401-

0

1

2

3

4

5

6

7

8

0.2 0.4 0.6 0.8 1

! 19: "#$% f &'()*γ = 3 &+,-.α = β = 1*/01-2

α = β = 1/2*/31-2α = β = 2*01-2α = 1/2, β = 2*31-2

α = 2, β = 1/2*401-
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B.3.3 δ = 2!"#
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! 20: "#$% f &'()*γ = 1/2 &+,-.α = β = 1*/01-2

α = β = 1/2*/31-2α = β = 2*01-2α = 1/2, β = 2*31-2

α = 2, β = 1/2*401-
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! 21: "#$% f &'()*γ = 3/2 &+,-.α = β = 1*/01-2

α = β = 1/2*/31-2α = β = 2*01-2α = 1/2, β = 2*31-2

α = 2, β = 1/2*401-
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! 22: "#$% f &'()*γ = 2 &+,-.α = β = 1*/01-2

α = β = 1/2*/31-2α = β = 2*01-2α = 1/2, β = 2*31-2

α = 2, β = 1/2*401-
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! 23: "#$% f &'()*γ = 3 &+,-.α = β = 1*/01-2

α = β = 1/2*/31-2α = β = 2*01-2α = 1/2, β = 2*31-2

α = 2, β = 1/2*401-

33
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B.3.4 δ = 3!"#
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! 24: "#$% f &'()*γ = 1/2 &+,-.α = β = 1*/01-2

α = β = 1/2*/31-2α = β = 2*01-2α = 1/2, β = 2*31-2

α = 2, β = 1/2*401-
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! 25: "#$% f &'()*γ = 3/2 &+,-.α = β = 1*/01-2

α = β = 1/2*/31-2α = β = 2*01-2α = 1/2, β = 2*31-2

α = 2, β = 1/2*401-
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! 26: "#$% f &'()*γ = 2 &+,-.α = β = 1*/01-2

α = β = 1/2*/31-2α = β = 2*01-2α = 1/2, β = 2*31-2

α = 2, β = 1/2*401-
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! 27: "#$% f &'()*γ = 3 &+,-.α = β = 1*/01-2

α = β = 1/2*/31-2α = β = 2*01-2α = 1/2, β = 2*31-2

α = 2, β = 1/2*401-
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