
1

2 (0, 1)

2

2

2

2

5 U

3

2010 Stuart and

Ord (1994), Johnson, Kotz and Balakrishnan (1995), Balakrishnan and

Nevzorov (2003), Gupta and Nadarajah (2004), Forbes, Evans, Hastings

and Peacock (2011), Krishnamoorthy (2016)

(2)

Balakrishnan and Nevzorov (2003, pp.140–141)

(α− 1)(β− 1) < 0 Stuart and Ord

(1994, pp.220–221) Forbes, Evans, Hastings and Peacock (2011, p.55),

Krishnamoorthy (2016, p.247) J

α = 1 β < 1 Stuart and
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Ord (1994, pp.220–221) U Forbes, Evans, Hastings and

Peacock (2011, p.55) Krishnamoorthy (2016, p.247)

α > 1 β < 1

J α = 1 β < 1 α > 1

β < 1

2010, p.630 Johnson,

Kotz and Balakrishnan (1995, p.219), Gupta and Nadarajah (2004, p.41)

(α− 1)(β − 1) ≤ 0 (0, 1)

J / J

1 Feller (1971, p.50) Casella and

Berger (2002, p.107) (α−1)(β−1) < 0

1978 p.67 1989 p.38 2007 p.58 Azzalini

(1996, p.273) α = 1 β < 1 α < 1 β = 1

1987, pp.67–68 1999, pp.76–77

Wikipedia

2

2

3

2 5 3

A

B 4

1

2Wikipedia “Beta disitribution” (last edited on 31 January 2018 at 17:58)
URL: https://en.wikipedia.org/wiki/Beta distribution#Shapes
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2

α, β, x x g(x) := xα−1(1− x)β−1

:=

α ≥ 1 β ≥ 1 g(x) [0, 1]∫ 1

0
xα−1(1 − x)β−1dx α < 1

β < 1 g(x) x → 0 x → 1

g(x) → ∞ g(x) (0, 1)

ε, δ > 0

[0+ ε, 1− δ] g(x) [0+ ε, 1− δ]∫ 1−δ

0+ε
xα−1(1− x)β−1dx α > 0 β > 0∫ 1

0
xα−1(1 − x)β−1dx := limε→0, δ→0

∫ 1−δ

0+ε
xα−1(1 − x)β−1dx

1962 p.12 1980 pp.295–296

α, β > 0
∫ 1

0
xα−1(1− x)β−1dx

α, β B(α, β)

B(α, β) :=

∫ 1

0

xα−1(1− x)β−1dx, α, β > 0. (1)

α, β > 0 (0, 1) x ∈ (0, 1)

xα−1(1− x)β−1 > 0

α, β > 0 B(α, β) > 0

(2) f0 : (0, 1)→ R

α, β > 0 f0

α β

Balakrishnan and Nevzorov 2003, Leemis and McQueston 2008,

Forbes, Evans, Hastings and Peacock 2011, Krishnamoorthy 2016

f0(z|α, β) = 1

B(α, β)
zα−1(1− z)β−1, 0 < z < 1. (2)

α, β > 0 B(α, β) > 0 z ∈ (0, 1)

zα−1(1 − z)β−1 > 0 f0(z|α, β) > 0

ベータ分布の形状について（ 原） － 53 －

( ３ )



∫ 1

0
f0(z|α, β)dz = 1 f0

Z

Z ∼ f0 μ σ Z 1

X := μ + σZ, −∞ < μ < ∞, σ > 0 X

μ σ

0 < Z < 1 μ < X < μ+ σ X

F μ < x < μ+ σ x

F (x) := P (X ≤ x) = P

(
Z ≤ x− μ

σ

)
=

1

B(α, β)

∫ x−μ
σ

0

zα−1(1−z)β−1dz.

μ < x < μ+ σ x X f F
3 0 < α, β, σ <∞, −∞ < μ <∞

f(x|α, β, μ, σ) = 1

σB(α, β)

(
x− μ

σ

)α−1 (
1− x− μ

σ

)β−1

. (3)

f

E(X) = μ+ σα/(α+ β) V (X) = σ2αβ/[(α+ β)2(α+ β + 1)]

Z ∼ f0

E(Z) = α/(α + β) V (Z) = αβ/[(α + β)2(α + β + 1)]

X = μ+ σZ E(X) = μ+ σE(Z), V (Z) =

σ2V (Z)

α = β = 1 (μ, μ+σ)

B(1, 1) =
∫ 1

0
dx = 1 f(x|1, 1, μ, σ) =

3M := μ+ σ ⇐⇒ σ = M −μ X := μ+ σZ = μ+ (M −μ)Z
f μ < x < M x 0 < α, β < ∞, −∞ <

μ < M < ∞

f(x|α, β, μ,M) =
1

B(α, β)

(x− μ)α−1(M − x)β−1

(M − μ)α+β−1
.
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1/σ μ = 0 σ = 1

f(x|α, β, 0, 1) = f0(x|α, β).

3

(3) f(x|α, β, μ, σ), μ <

x < μ+σ (2) f0(z|α, β), 0 <

z < 1

f(x) := f(x|α, β, μ, σ), f0(z) := f0(z|α, β)

f(x) =
1

σ
f0

(
x− μ

σ

)
.

1 2

f ′(x) =
1

σ2
f ′0

(
x− μ

σ

)
, f ′′(x) =

1

σ3
f ′′0

(
x− μ

σ

)

σ > 0

f ′(x) ≶ 0 ⇐⇒ f ′0

(
x− μ

σ

)
≶ 0, f ′′(x) ≶ 0 ⇐⇒ f ′′0

(
x− μ

σ

)
≶ 0.

f0(z) {(z, f0(z))| z ∈ (0, 1)}
z x = σz + μ

f0(z) 1/σ

f(x) {(x, f(x))| x ∈ (μ, μ+ σ)}
(2) f0(z)

0 < z < 1 α, β > 0

α = 1 β = 1 3.1 α 
= 1 β 
= 1

3.2 2 3.3
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3.1 α = 1 β = 1

α = 1 β = 1 α, β > 0

f0(z) 0 < z < 1

α = 1 β = 1 2

(0, 1) α β

1 f0(z) 1

f ′0(z) 2 f ′′0 (z) α = 1

β 
= 1 0 < z < 1

f0(z) = β(1−z)β−1, f ′0(z) = −β(β−1)(1−z)β−2, f ′′0 (z) = β(β−1)(β−2)(1−z)β−3

α 
= 1 β = 1 0 < z < 1

f0(z) = αzα−1, f ′0(z) = α(α− 1)zα−2, f ′0(z) = α(α− 1)(α− 2)zα−3.

f0(z) α = 1 β 
= 1

2 α 
= 1 β = 1 3 A

f0(z) α = 1

β = 1 1

1 ( α = 1 β = 1 ). α = 1

β = 1 α, β > 0 (2)

f0 {(z, f0(z))| z ∈ (0, 1)}
B

α = 1 β = 1 1 f0

f0(z) = 1, ∀z ∈ (0, 1). f0

α = 1 β 
= 1 f0

1. α = 1 β < 1 8 f0

z → 0

f0(z)→ β z → 1 f0(z)→∞
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2. α = 1 β > 1 11 f0

z → 0 f0(z)→ β

x→ 1 f0(z)→ 0

(a) β < 2 f0

(b) β = 2 f0

(c) β > 2 f0

α 
= 1 β = 1 f0 /

1. α < 1 β = 1 12 f0

z → 0

f0(z)→∞ z → 1 f0(z)→ α

2. α > 1 β = 1 9 f0

z → 0 f0(z) → 0

z → 1 f0(z)→ α

(a) α < 2 f0

(b) α = 2 f0

(c) α > 2 f0

3.2 α 
= 1 β 
= 1

α 
= 1 β 
= 1 α, β > 0

f0(z) 0 < z < 1 α 
= 1

β 
= 1 f0 1

f ′0(z) =
1

B(α, β)
zα−2(1− z)β−2[(2− α− β)z + α− 1]
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D

f ′0(z) ≶ 0 ⇐⇒ D := [(2− α− β)z + α− 1] ≶ 0

⇐⇒ (2− α− β)z ≶ 1− α.

α 
= 1 β 
= 1 D α β

α, β > 0

1. α+ β = 2 D = α− 1

D ≶ 0 ⇐⇒ α ≶ 1.

2. α+ β < 2 2− α− β > 0

D ≶ 0 ⇐⇒ z ≶ 1− α

2− α− β
=: z∗.

z∗ ≷ 0 ⇐⇒ 1 − α ≷ 0 ⇐⇒ α ≶ 1 z∗ ≶ 1 ⇐⇒
β ≶ 1

(a) α < 1 β < 1 0 < z∗ < 1 z < z∗ D < 0

z > z∗ D > 0

(b) α > 1 β < 1 z∗ < 0

z ∈ (0, 1) D > 0

(c) β > 1 α < 1 z∗ > 1

z ∈ (0, 1) D < 0

3. α+ β > 2 2− α− β < 0

D ≶ 0 ⇐⇒ z ≷ α− 1

α+ β − 2
=

1− α

2− α− β
= z∗.

z∗ ≷ 0 ⇐⇒ α − 1 ≷ 0 ⇐⇒ α ≷ 1 z∗ ≶ 1 ⇐⇒
β ≷ 1

(a) α > 1 β > 1 0 < z∗ < 1 z < z∗ D > 0

z > z∗ D < 0
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(b) α < 1 β > 1 z∗ < 0

z ∈ (0, 1) D < 0

(c) β < 1 α > 1 z∗ > 1

z ∈ (0, 1) D > 0

α 
= 1 β 
= 1 α, β > 0

1. α < 1 β < 1 D ≶ 0 ⇐⇒ z ≶ z∗.

2. α < 1 β > 1 ∀z ∈ (0, 1), D < 0.

3. α > 1 β < 1 ∀z ∈ (0, 1), D > 0.

4. α > 1 β > 1 D ≶ 0 ⇐⇒ z ≷ z∗.

f0(z) α < 1

β < 1 4 α < 1 β > 1 5 α > 1

β < 1 6 α > 1 β > 1 7

A f0(z)

α 
= 1 β 
= 1 2

2 ( α 
= 1 β 
= 1 ). α 
= 1

β 
= 1 α, β > 0 (2)

f0 {(z, f0(z))| z ∈ (0, 1)}
B

α < 1 β < 1 5 6 7 f0 U

f0(z) z = z∗

z < z∗ z > z∗ z → 0

z → 1 f0(z)→∞

z∗ =
1− α

2− α− β
=

1− α

(1− α) + (1− β)
.

z∗ α = β z∗ = 1/2 (0, 1)

5 α < β 1 − α > 1 − β ⇒ z∗ > 1/2
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(0, 1) 6 α > β 1 − α <

1− β ⇒ z∗ < 1/2 (0, 1) 7

α < 1 β > 1 13 f0

z → 0 f0(z) → ∞
z → 1 f0(z) → 0 z → 1 f0(z) → 0

β < 2 −∞ β = 2 −α(α + 1)

β > 2 0

α > 1 β < 1 10 f0

z → 0 f0(z)→ 0 z → 1

f0(z)→∞ z → 0 f0(z)→ 0

α < 2 +∞ α = 2 β(β + 1) α > 2

0

α > 1 β > 1 2 3 4 f0

f0(z) z = z∗ z∗

z < z∗ z > z∗

z → 0 z → 1 f0(z)→ 0 4

z∗ =
α− 1

α+ β − 2
=

α− 1

(α− 1) + (β − 1)
.

z∗ α = β z∗ = 1/2

(0, 1) 2 α < β α − 1 < β − 1 ⇒
z∗ < 1/2 (0, 1) 3 α > β

α− 1 > β − 1⇒ z∗ > 1/2 (0, 1)

4

4z → 0 f0(z) → 0 α < 2 +∞ α = 2
β(β + 1) α > 2 0 2 z → 1 f0(z) → 0

β < 2 −∞ β = 2 −α(α+ 1) β > 2 0
2 3 4
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3.3

3 4 1 3

3 ( ). (2)

f0 {(z, f0(z))| z ∈ (0, 1)} α β

α, β > 0 5 1

B

1. α = β = 1 1 1

2. α > 1 β > 1 2

z∗ (α − 1)/(α + β − 2) α = β

z∗ = 1/2 2 α ≶ β z∗ ≶ 1/2 3 4

z → 0 z → 1 f0(z)→ 0

3. α < 1 β < 1 2 U

z∗ (1−α)/(2−α− β) α = β z∗ = 1/2

5 α ≶ β z∗ ≷ 1/2 6 7 z → 0

z → 1 f0(z)→∞

4. α ≥ 1 β ≤ 1 α 
= β

(a) α = 1 β < 1 1 z → 0

f0(z)→ β z → 1 f0(z)→∞ 8

(b) α > 1 β = 1 1 z → 0

f0(z)→ 0 z → 1 f0(z)→ α 5 9

(c) α > 1 β < 1 2 z → 0

f0(z)→ 0 z → 1 f0(z)→∞ 10

5. α ≤ 1 β ≥ 1 α 
= β

5 z ∈ [0, 1] z = 1
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(a) α = 1 β > 1 1 z → 0

f0(z)→ β z → 1 f0(z)→ 0 6 11

(b) α < 1 β = 1 1 z → 0

f0(z)→∞ z → 1 f0(z)→ α 12

(c) α < 1 β > 1 2 z → 0

f0(z)→∞ z → 1 f0(z)→ 0 13

f0 α ≥ 1 β ≥ 1

α < 1 β < 1

1. z → 0 α < 1 f0(z)→∞ α = 1 f0(z)→ β

α > 1 f0(z)→ 0

2. z → 1 β < 1 f0(z)→∞ β = 1 f0(z)→ α

β > 1 f0(z)→ 0

α = β f0(z)

f0(z) =
1

B(α, α)
[z(1− z)]α−1 =

1

B(α, α)

[
1

4
−

(
z − 1

2

)2
]α−1

z = 1/2

1: f0(z)

β < 1 : β = 1 : β > 1 :

f(z)
z→1−−−→∞ f(z)

z→1−−−→ α f(z)
z→1−−−→ 0

α < 1 : f(z)
z→0−−−→∞ U

α = 1 : f(z)
z→0−−−→ β

α > 1 : f(z)
z→0−−−→ 0

6 z ∈ [0, 1] z = 0
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4 ( ). (3)

f {(x, f(x))| x ∈ (μ, μ+ σ), μ ∈ (−∞,∞), σ ∈ (0,∞)}
α β α, β > 0 3

5 f α > 1

β > 1 U α < 1 β < 1

f(x)

x∗ = μ+
σ(α− 1)

α+ β − 2
.

f 3

x→ μ α < 1 f(x)→∞ α = 1

f(x)→ β/σ α > 1 f(x)→ 0 x→ μ+σ β < 1

f(x)→∞ β = 1 f(x)→ α/σ β > 1 f(x)→ 0

(2)

μ

z∗

μ = α/(α + β), z∗ = (α − 1)/(α + β − 2) 0 <

z∗ < 1 ⇐⇒ (α − 1)(β − 1) > 0 ⇐⇒ [α > 1 β > 1] [α < 1

β < 1] μ z∗ α > 1

β > 1 z∗

μ ≶ z∗ ⇐⇒ α ≷ β α < 1 β < 1 U

z∗ μ ≶ z∗ ⇐⇒ α ≶ β

sk sk ≶ 0 ⇐⇒ α ≷ β

Balakrishnan and Nevzorov 2003, p.147, Gupta and Nadarajah

2004, p.42 α, β

μ z∗ sk

α = β = 1 μ = 1/2, sk = 0.

α > 1 β > 1 z∗

α < β z∗ < μ < 1/2, sk > 0.
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α = β μ = z∗ = 1/2, sk = 0.

α > β 1/2 < μ < z∗, sk < 0.

α < 1 β < 1 U z∗

α < β μ < 1/2 < z∗, sk > 0.

α = β μ = z∗ = 1/2, sk = 0.

α > β z∗ < 1/2 < μ, sk < 0.

α ≥ 1 β ≤ 1, α 
= β 1/2 < μ, sk < 0.

α ≤ 1 β ≥ 1, α 
= β μ < 1/2, sk > 0.

4

3 (2) f0

5

α = β = 1 α > 1 β > 1 α < 1

β < 1 U α 
= β α ≥ 1 β ≤ 1

α 
= β α ≤ 1 β ≥ 1

f0 α ≥ 1 β ≥ 1

α < 1 β < 1 α < 1 z → 0

f0(z)→∞ β < 1 z → 1 f0(z)→∞
(3)

4
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A

(2) f0(z), 0 < z < 1

A.1 3.1

A.2 3.2 2

α, β > 0 f0(z)

1 2
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A.1 α = 1 β = 1

2: f0 α = 1 β 
= 1 0 < β < 1

1 < β < 2 β = 2 β > 2

z 0 · · · 1

f ′0 β(1− β) + ∞
f ′′0 β(1− β)(2− β) + ∞
f0 β ↗ ∞

z 0 · · · 1

f ′0 β(1− β) − −∞
f ′′0 β(1− β)(2− β) − −∞
f0 β ↘ 0

z 0 · · · 1

f ′0 −2 −2 −2
f ′′0 0 0 0

f0 2 ↘ 0

z 0 · · · 1

f ′0 β(1− β) − 0

f ′′0 β(1− β)(2− β) + ∗
f0 β ↘ 0

∗ :∞ (β < 3 ), 6 (β = 3 ), 0 (β > 3 )

3: f0 α 
= 1 β = 1 0 < α < 1

1 < α < 2 α = 2 α > 2

z 0 · · · 1

f ′0 −∞ − α(α− 1)

f ′′0 ∞ + α(α− 1)(α− 2)

f0 ∞ ↘ α

z 0 · · · 1

f ′0 ∞ + α(α− 1)

f ′′0 −∞ − α(α− 1)(α− 2)

f0 0 ↗ α

z 0 · · · 1

f ′0 2 + 2

f ′′0 0 0 0

f0 0 ↗ 2

z 0 · · · 1

f ′0 0 + α(α− 1)

f ′′0 ∗ + α(α− 1)(α− 2)

f0 0 ↗ α

∗ :∞ (α < 3 ), 6 (α = 3 ), 0 (α > 3 )
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A.2 α 
= 1 β 
= 1

4: f0 α < 1 β < 1

z 0 · · · z∗ · · · 1

f ′0 −∞ − 0 + ∞
f0 ∞ ↘ ↗ ∞

5: f0 α < 1 β > 1 1 < β < 2

β = 2 β > 2

z 0 · · · 1

f ′0 −∞ − −∞
f0 ∞ ↘ 0

z 0 · · · 1

f ′0 −∞ − −α(α+ 1)

f0 ∞ ↘ 0

z 0 · · · 1

f ′0 −∞ − 0

f0 ∞ ↘ 0

6: f0 α > 1 β < 1 1 < α < 2

α = 2 α > 2

z 0 · · · 1

f ′0 ∞ + ∞
f0 0 ↗ ∞

z 0 · · · 1

f ′0 β(β + 1) + ∞
f0 0 ↗ ∞

z 0 · · · 1

f ′0 0 + ∞
f0 0 ↗ ∞
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7:
f 0

α
>

1
β
>

1
α
<

2
β
<

2

/β
=

2
/β

>
2

α
=

2
β
<

2

/
β
=

2
/
β
>

2
α
>

2
β
<

2

/β
=

2
/
β
>

2

β
<

2
:

β
=

2
:

β
>

2
:

α
<

2
:

z
0

··
·

z
∗
··
·

1

f
′ 0

∞
+

0
−

−∞
f 0

0
↗

↘
0

z
0

··
·

z
∗
··
·

1

f
′ 0

∞
+

0
−

−α
(α

+
1
)

f 0
0

↗
↘

0

z
0

··
·

z
∗
··
·

1

f
′ 0

∞
+

0
−

0

f 0
0

↗
↘

0

α
=

2
:

z
0

··
·

z
∗
··
·

1

f
′ 0

β
(β

+
1)

+
0

−
−∞

f 0
0

↗
↘

0

z
0
··
·

1/
2
··
·

1

f
′ 0

6
+

0
−

−6
f 0

0
↗

↘
0

z
0

··
·

z
∗
··
·

1

f
′ 0

β
(β

+
1
)

+
0

−
0

f 0
0

↗
↘

0

α
>

2
:

z
0
··
·

z
∗
··
·

1

f
′ 0

0
+

0
−

−∞
f 0

0
↗

↘
0

z
0
··
·

z
∗
··
·

1

f
′ 0

0
+

0
−

−α
(α

+
1
)

f 0
0

↗
↘

0

z
0
··
·

z
∗
··
·

1

f
′ 0

0
+

0
−

0

f 0
0

↗
↘

0
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B

(2) f0(z), 0 < z < 1

3 z f0(z)

Maple 6

B.1 α = β = 1

0

0.5

1

1.5

2

0.2 0.4 0.6 0.8 1

1: α = β = 1

B.2 α > 1 β > 1

0

0.5

1

1.5

2

2.5

3

0.2 0.4 0.6 0.8 1

2: α = β > 1 α = 1.5 α = 2

α = 3 α = 5
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0

0.5
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B.5 α ≤ 1 β ≥ 1 α 
= β
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